TAIL ASYMPTOTICS FOR SHEPP-STATISTICS OF BROWNIAN MOTION IN R?

DMITRY KORSHUNOV AND LONGMIN WANG

ABSTRACT. Let X (¢), t € R, be a d-dimensional vector-valued Brownian motion, d > 1. For all b €
R¢\ (—o0,0]* we derive exact asymptotics of
P{X(t+s)— X(t) > ub for some t € [0,T], s € [0,1]} asu— oo,

that is the asymptotical behavior of tail distribution of vector-valued analog of Shepp-statistics for X; we
cover not only the case of a fixed time-horizon 7' > 0 but also cases where T — 0 or T" — co. Results for
high level excursion probabilities of vector-valued processes are rare in the literature, with currently no
available approach suitable for our problem. Our proof exploits some distributional properties of vector-
valued Brownian motion, and results from quadratic programming problems. As a by-product we derive
a new inequality for the ‘supremum’ of vector-valued Brownian motions.
Key Words: Shepp-statistics; vector-valued Brownian motion; high level excursion probability; uniform

double-sum method; markov property; quadratic programming problem.

1. INTRODUCTION
For B(t), t € R, a standard Brownian motion define the Shepp statistics
m(t) = sup [B(t+s)— B(t)], t>0.
s€[0,1]
In numerous theoretical problems and applications motivated by the fact that the Brownian motion
is a natural limit process, investigation of M(T') := supycp ) m(t) is of particular interest, see e.g.,

[3, 6, 11, 14, 15, 18-20]. The asymptotics of high level excursion probability of M (t), ¢t > 0, was first
derived in [23], giving

(1) P{M(T) > u} ~ TH up(u) as u— oo,

where ¢ is the density function of B(1) and the positive constant H* is given by

H* = lim lim IE{ sup eB(H'S"'T)_B(t)—(T‘H\)/Q}'
se|

A—00 T—00 T 0,\],te[0,7]

Interestingly, H* is not the classical Pickands constant, which commonly appears in the asymptotics of
extremes of Gaussian processes; see, e.g., [4, 5, 12, 13, 16, 17] for definition, various representations and
basic properties of Pickands constants.

In this contribution we shall investigate the high level excursion probability of vector-valued Shepp
statistics. Let therefore B(t) = (Bi(t),...,B4(t))", t > 0, be a vector-valued random process with

components which are mutually independent standard Brownian motions and define
Y(t,s) = X(t+s)— X(t),
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where X (t) = AB(t) and A is a non-singular matrix of size d x d. Using the fact that the correlation
matrix of X (¢) is Xt with ¥ := AAT, and ¥ is a symmetric positive definite matrix, one can find a
symmetric positive definite matrix v/ such that AB(t) and v/XB(t) have the same covariance structure.
Thus without loss of generality, in the rest of the paper we assume that A = v/3. We note in passing
that all the vectors in R? are denoted by bold symbols. Operations on vectors are component-wise.

Given a fixed b = (by,...,bg) ", in this contribution we shall derive the exact asymptotics of the following

high level excursion probability
(2) p(u) = P{Y(t,s) > ub for some t € [0,T], s € [0,1]} asu— 0.

Since we are interested in the case that p(u) — 0 as u — 00, in the rest of this paper we tacitly assume
that b; > 0 for some 1 < i < d. One of important motivations to analyse (2) is the connection with
the conjunction problem for Gaussian fields; see for example [21, 22]. The set of conjunctions Cr,, with

respect to some threshold u is defined as
Cra :=A{(t,s) €[0,T] x [0,1] : lrélilng,;(t, s) > u}.

One of the key characteristics of interest for Cr,, is the probability that this set is non-empty, which is
a special case of (2) with b; =1 for all 1 < < d.
There are very few contributions in the literature that are devoted to the study of extremes of vector-
valued Gaussian processes. The principal reason for this is that the Slepian inequality is not valid for
general vector-valued Gaussian processes, and thus so far no general methodology exists for the study of
the excursion probabilities in the vector-valued setup.
For less difficult problems, such as the derivation of the logarithmic asymptotics of p(u), several results
for a large class of vector-valued Gaussian processes can be found in [10].
Finer asymptotic approximations are indeed available in the literature, however their proofs have signif-
icant gaps (due to lack of Slepian inequality mentioned above). For instance the approximations of high
excursion probabilities derived in [1] have gaps related to the lack of the proof of the uniformity of several
results with respect the the summand that leads to the final asymptotics. We refer also to [2, 8] which
deal with tail approximation of supremum of order statistics of vector-valued Gaussian processes, where
only the case of independent components is considered, for which an extension of Slepian inequality, that
is Gordon inequality is available.
The recent contribution [7] considers the infinite time ruin probability related to X (t), ¢ € [0, 00), with
linear drift. As shown therein, rigorous proofs require subtle uniform approximations, which are complex
and quite specific to the Brownian motion case. Additional complexity of the problem considered in
the present contribution relates to the fact that (2) concerns random fields, whereas [7] is dedicated to
random processes.
As in the one-dimensional case analyzed in [23], in order to investigate the high level excursion probabil-
ities of Shepp-Statistics, the following three properties are essential:

i) for any fixed s the vector-valued Gaussian family (indexed by s) W(t) := Y (¢,s), t € [0,T], is

stationary;
ii) for any fixed t the variance of the vector-valued Gaussian family (indexed by t) V(s) := Y (¢, s),

s € [0, 1], attains its unique maximum on [0, 1] at the right-end point s = 1;



TAIL ASYMPTOTICS FOR SHEPP-STATISTICS OF BROWNIAN MOTION IN R¢ 3

iii) the independence of increments of X.

In order to derive the asymptotics of (2) we apply the uniform double-sum technique. This method was
originally developed for studying extremes of centered non-stationary Gaussian processes and fields, e.g.
[16, 17], see also the recent contribution [9] for the role of uniformity and extensions to general functionals
of Gaussian random processes and fields. Note in passing that Pickands approach [16], also often referred
to as the double-sum technique, is significantly different from the uniform-double sum technique here (or
from that developed by Piterbarg, see [17]); we do not use discretisation approach, but apply directly
continuous mapping theorem to some conditional process. Importantly, our approximations are uniform
with respect to the small intervals we consider. In the case of processes, this can be shown in the non-
stationary case by using Slepian inequality. In the vector-valued case, such inequality is in general not
valid. Our uniform approximations are shown by utilising mainly the self-similarity and the independence
of increments property of Brownian motion.

In the classical approach developed by Piterbarg for the investigation of extremes of Gaussian random
fields, the Slepian inequality is in fact used twice, once for the approximation of the so-called single sum,
and then for the negligibility of the double-sum; see the recent contribution [9] for more details and
critical issues regarding uniformity. Again, in the vector-valued case, the negligibility of the double-sum,
which has to be approximated uniformly, cannot be shown by the standard method of Piterbarg (recall
the lack of Slepian inequality).

We solve this problem by using the Markov property, the self-similarity property, the independence and
the stationarity of increments as well as the continuity of the sample paths of the Brownian motion.

In the setup of this paper, the stationarity of W4(t), t € [0, 7], for fixed s is important, since the extremes
of stationary processes are well-understood. There is however a hidden and subtle difficulty here since all
these stationary vector-valued Gaussian processes are indexed by s. So when using results for stationary
processes, the uniformity with respect to s is crucial and cannot be neglected. This fact has not been
explicitly addressed in [23] when dealing with the negligibility of some terms that appear in the lower
bound approximation.

In this paper we use a direct approach to show the negligibility of analogs of those terms. Note that our
approach is valid also for the case d = 1.

An interesting by-product of our investigation is the following elegant result which is new even for the

cased=1, m > 1.
Theorem 1.1. Let X1, ..., X,, be m independent copies of X. Then for allb € R and T, ...,
T >0, we have

P{X(T\+...+Tp) > b}
(P{X(1) = 0})™

]P){ZXl(tz) > b for some t; € [0,T1],...,tm € [O,Tm]} <
=1

This inequality may be viewed at as a multi-dimensional analogue of the well-known distribution equality
in dimension 1,

P{B(T) > b}

P{B(1) >0}

As follows from the proof of Theorem 1.1 in Section 3.2, the last equality does not hold in higher

JP’{ sup B(t) > b} = 2P{B(T) > b} =
t€[0,T]

dimensions.
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Organisation of the rest of the paper. In Section 2 we introduce some useful notation and a related
quadratic programming problem which determines the exponential part of the asymptotics. The main
result of this contribution is given in Theorem 2.1. Section 3 is devoted to the proof of Theorem 2.1,
while in the Appendix we present a lemma that deals with properties of the unique solution to some

quadratic programming problem.

2. MAIN RESULT

Before proceeding to the main result of this contribution, let us begin with the analysis of some quadratic

programming problem, whose solution determines the exponential part of the asymptotics of (2).

Hereinafter b € R? \ (—oo0, 0]¢. Let b= (b1,...,bs) be a unique solution to the quadratic programming
problem
(3) IIs;(b) : minimise the quadratic form @' X~ for € R? under the constraints « > b.

~T ~
Naturally, the minimal attained value of IIx(b) is b L ~'b. Equivalently, we can rewrite the problem
II5(b) as

(4) A~'b minimises y'y for y € R? under the constraints y € A~'b+V,
where V = A1 (R*)? is a convex cone. Let

(5) L:={1<i<d:b=0}

and further let / C L be the minimal index set such that by = 51 and further

(6) by S7'b; = bIxTlb, = b % 'b.

In our notation by is the subvector of b indexed by I, and similarly ¥;; is the submatrix of ¥ with rows
and columns with indices from /. For notational simplicity we write EI_II instead of (X)L

In view of Lemma A.1 in the Appendix, there may be a dimension reduction phenomenon which happens
if the non-empty index set I has cardinality less than d, or equivalently J := {1,...,d} \ I is non-empty.

In particular, for the case d = 2 and ¥ being a correlation matrix with off-diagonal entries equal to

p € (—1,1), that is
1 1 —p
-1
) E - 1— 2 _ )
P p 1

gx) =x"S e = (22 — 2pz120 4+ 22) /(1 — p2).

1
Y = P
p 1

we have for all x € R?2

For b= (1,p)" we have that g(b) = 1, g, (b) = 2 and ¢}, (b) = 0, so the vector e; = (1,0) is perpendicular
to the ellipse g(x) = 1; see Figure 1.
In this example b=b, L = {1,2}, I = {1} and

by Xl =b N =1 0.

If b= (1,a)" for some a < p, then L =T = {1}.
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FIGURE 1.

Following Lemma A.1 (and because ¥ !b is collinear with the gradient of the quadratic form "> 1z
at point b), if ¥71b > 0, then

I={1,...,d}

However, if |I| < d, then we observe a dimension reduction phenomenon, i.e., the asymptotics of (2) (up
to a constant) is only determined by the components of X with indices in 1.
Next, we introduce a key constant, which appears in the exact asymptotics of (2). For the introduced

above index sets I, .J, L, matrix ¥ and vector b we define

(7) Hep(A) = lim T "Hy b(1, N),
where
Hyp(r,\) = e 50 570 / &1 Dif b () g /2
d
(8) XP{X}(t—FSHj—T) - X(t)>xr, ;<0,Vie L\ I, forsomet <7, s<\}de.

The pre-factor in our main result is the following constant
Hsp = lim Hyp(N),
A—00

which by Lemma 3.6 (see Section 3) is well-defined, finite and positive. Note in passing that the afore-
mentioned lemma also proves that Hy () is positive and finite for some X > 0.
Hereafter, px(-) stands for the density function of an A(0,%) random vector. The following theorem

constitutes the main result of this paper.

Theorem 2.1. For any b € R%\ (—oc0,0]¢ we have

9) P{Y (t,s) > ub for somet € [0,T], s €[0,1]} ~ T’Hg,buQ_mgpg(ug),

as u — 00, uniformly for all T := T(u) such that lim, o Tu? = 0o and lim, s Tu2_|1|g02(ug) =0.

As follows from considerations in the next section, the most probable path leading to the Shepp statistics
being greater than ub for a large u is roughly speaking such that starting at some time ¢y between 0 and
T the trajectory goes in direction b at a speed ub during time 1 approximately; the contribution from

different values of ¢g is the same.
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3. PROOF OF THEOREM 2.1

In order to make the proof of Theorem 2.1 more transparent we divide it into several parts. We start
with calculation of the tail probability for ‘short’ intervals for ¢ close to zero and s close to 1, see Section
3.1, which is the key ingredient for further analysis. In the second step we derive the following upper
bound (see Section 3.2):

(10) P{Y (t,s) > ub for some t € [0,T], s €[0,1]} < (T + o(1))u* s (ub)Hsp

as u — oo uniformly for all T = T'(u) such that lim, o, Tu? = co. Then, in Section 3.3 we prove the

lower bound counterpart, namely that for all large u
(11) P{Y (t,s) > ub for some t € [0,T], s €[0,1]} > (T + o(1))u> s (ub)Hs s

uniformly for all T such that lim,_., Tu? = 0o and the right hand side expression goes to zero.
Finally, in Section 3.4, we check that Hxp € (0,00). Altogether the above points establish the proof of
Theorem 2.1.

3.1. Supremum for Small ¢ and s Close to 1.

Lemma 3.1. Let b € R?\ (—o0,0]¢ be given and let b be a unique solution to Ilx,(b) with I, J being the

corresponding index sets. For all 7, A positive we have, as u — o0,
(12) P{Y (t,s) > ub for some 0 <t < 7/u® se€[l—Au*1]} ~ u Mg (ub)Hs b (T, N),
where My, p(7, X) defined in (8) is positive and finite.
Proof of Lemma 3.1: For u > 0 we set
Tu=Tu"2, A =M% pui=V1—=A—7u, Dyi=[0,7] %[0, A

By the independence of the increments of a standard Brownian motion B, for all s € [1 — \,, 1] and

t € [0, 7] we have
B(t+s)—B(t) = [B(t+s)—B(l—X)]+ [B(l—Ay) — B(r)] + [B(a) — B(t)],

where the three differences on the right hand side are mutually independent, provided 7, + A\, < 1.

Further, the stationarity of increments of B implies the equality in law
d
B(1—-M\,) — B(tw) = puZ,

where Z is an NV(0, 1) random variable independent of B. Hence, again by the stationarity of increments

Il=

B(t+s) — B(t) puZ + [B(t + 7+ 5 — (1 = A)) = B(r)] + [B(u) — B(?)]
= puZ+Bt+7,+s—(1-X,))— B(1).
Consequently, by the independence of the components of B, for all u large enough we have

Y(t,s) = A[B(t+s)— B(t)]
PuAZ + A[B(t T W) B(t)}, (t,s — (1 — \y)) € Dy,

Il



TAIL ASYMPTOTICS FOR SHEPP-STATISTICS OF BROWNIAN MOTION IN R¢ 7
where Z has independent A/(0,1) components being further independent of B. Hence
P{Y (t,s) > ub for some t < 7,, s €[l —\,, 1]}
= P{p,AZ + A[B(t + s+ 7,) — B(t)] > ub for some (t,s) € D, }.
Setting Z, := p,AZ and denoting its covariance matrix by ¥, := p2¥, we may further write
P{Y (t,s) > ub for some t <7, s €[l — Ay, 1]}
= P{Z,+ A[B(t + s+ 7,) — B(t)] > ub for some (t,s) € D,}
= /Rd oy, (—w)P{X(t+s+7,)— X(t) > ub+ w for some (t,s) € D,} dw.

Let @ € R? be a vector with coordinates ; = u for all i € I and u; = 1 for all j € J. Change of variables

w=—ub+z /@, dw = da/ull, gives the following value of the last integral
w1 / os, (ub — x/w)P {X(t + 54 74) — X (t) > u(b— b) + =/u for some (t,s) € Du} dx
R4

— u My, (ub) /R d o~ (b= /@) TS~ (ub—a /@)~ (ub) TS (ub)) /22

X IP’{X(L‘—I—S—I—T) — X(t) > u*(b—b) +ux/u for some t < T, s < )\} de.
For all positive u, by the properties of the solution to Ps(b)-see Lemma A.1-we have
(ub— x/a) S ub—z/@) = u?b S 'b—2ub £V (x/u) + (z/7) = (z/a)
= 25 £ — 2ub] T e /@) + (/%) T (o /)
(13) = W2 T 2 ST ey + (x/7) S (2 /T),
which implies
P{Y (t,s) > ub for some t < 7, s € [l — Ay, 1]}
= Moy (ub) / =1 S1br /() TS (2 /) /207

Rd
(14) X P{X(t—l—s—l—r)—X(t) > u?(b — b) + ux/w for some ¢ < T, sg)\} de.
For any u > 0 write
ho () ::P{X(t+s+7)—X(t) > u?(b — b) + ux/u for some t < T, sg)\}

for the probability under the integrand above. In view of (b—b); = 0 for all i € L (note that I C L and
I cannot be empty) and (b — b); < 0 for all i ¢ L

lim hy(x) = lyp<ovie\nnPAX1(t+s+7) = X (t) >z forsomet <7, s <A} = h(z).

UuU— 00

Since lim,_, o py, = 1, we have further
P{Y (t,s) > ub for some t < 7,, s €[l — A\, 1]}

(15) ~ u_|]<,pg“(ug)/ emITEI_IIbI_%;E;}xJ/Qh(:I:) de asu— oo,
Rd

where we have applied the dominated convergence theorem which is eligible because:
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o Firstly, the integrand in (14) is dominated by

e®1 11 b1/Pl o= (/W) T2 (2/5)/2p {Xr(t+s+71)— X (t) > xr for some t <7, s <A}

< e‘éHmJHQemeE;IIbI/I’%P{Xj(t +s+7)— X(t) > x; for some t <7, s <A}

for some § > 0, because the matrix X! is positive definite.
¢ Secondly, the function e~Ollzsl? i integrable with respect to a; if J is non-empty, otherwise this term
is missing.

¢ Thirdly, the function
(16) ewjz;flbf/p%P{Xj(t +s+7)— X (t) > x; for some t <7, s < A}
is integrable with respect to @y because, by Lemma A.1 we have
a:ITZI_IIbI = =z ay,
where a; > 07, and because of Piterbarg inequality—see [17, Theorem 8.1] (or the Borell-TIS inequality)—

which ensures that

P{X;(t+s+7)— X(t) >xr for some t <7, s <A}
< P Z (Xi(t+s+71)— Xi(t)) > Z x; for some t <71, s <A
icl:x; >0 icl:x;>0

< CB_E (Zi€]:zi>0 wi)2

for some C € (0,00) and € > 0. So, integrability of (16) follows, providing at the same time that, for all
7, A > 0, we have Hx, p(7, A) € (0,00).
Finally, taking into account that
~ =T 1%
oy, (ub) = (2wdet Zu)_d/Qe_uzb =71/
~ (2 det E)—d/26—u25T2*15/2(1—>\u—m)
— (2mdet B)4/2e 0 DB A0 /i) /2

~ _A;T‘ETzfl‘g

~ px(ub)e as u — 00

and substituting this into (15) we conclude the proof. O
Corollary 3.2. For any X positive and any b € R%\ (—oo,0]¢ we have

(17) lim ~Hyp(r ) = Hyp(\) € [0, 00).

T—00 T

Proof of Corollary 3.2: For any fixed 71, 70 and A > 0
P{Y (t,s) > ub for some t < (11 + ) /u?, s € [ — N/u?, 1]}
< P{Y(t,s) > ub for some t < 7 /u?, s €[l —Nu?1]}
+ P{Y(t,s) > ub for some t < 7/u’, s €[l —\u?1]}
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by the stationarity of Y (t,s) with respect to ¢t. Together with Lemma 3.1 this implies sub-additivity of
Hs (7, A) with respect to 7 > 0. Hence by Fekete’s lemma

1 1
lim ;7‘[271,(7', A) = inf —Hyp(1,A) < 'HZ’b(l, A) < o0

T—00 >0 T

establishing the claim. O
Corollary 3.3. For all A\ > 0, we have

P{Y (t,s) > ub for some 0 <t <T, s€[l— M u?, 1} < (T+ o(l))uz_u|g02(ug)7-[g7b()\)
as u — oo uniformly for all T such that lim,_.o Tu? = co.

Proof of Corollary 3.3: We follow the same idea as given in the proof of the upper bound in Theorem

D.2 in [17]. Indeed, noting that Y (¢, s) is stationary with respect to ¢, by Lemma 3.1, for each 7 > 0
P{Y (t,s) > ub for some t <T, s € [l — N u?, 1]} <
< [Tu?/TP{Y(t,s) > ub for some t < 7/u’, s €[l —\/u® 1]}

(18) = [Tu?/mHs b (1, Nu o5 (ub) (1 + o(1)).

Hence, pushing 7 — oo, the proof is completed by Corollary 3.2. O
3.2. Proof of Asymptotically Sharp Upper Bound (10). The upper bound (10) follows from Corol-
lary 3.2 and Lemma 3.4 below. For the proof of the aforementioned lemma we need to show the claim of
Theorem 1.1. We tacitly assume that ¢, t; > 0; for notation simplicity this is not mentioned everywhere.
Proof of Theorem 1.1: We consider first the case m = 1. If b < 0, then the statement is immediate
because then the right hand side is at least 1. Consider now the opposite case, so 0 € b + V; where

Vi = {x > 0} is the positive orthant. Next, if 6 := inf{t > 0: X (¢) > b}, then the Markov property and
the stationarity of the increments of X together with the continuity of the trajectory of X imply that

T
P{X(T)>b} = / P{6 € dt} P{X(t) e du}P{X(T —t) >b—u}.
0 b+0V1
Since b —u < 0 on b+ 9V;, we have
P{X(T—-t)>b—u} > P{X(T-1t)>0}.
Moreover, by the self-similarity of X
(19) P{X(T-t)>0} = P{X(1)>0}.

Consequently,
T
P{X(T)>b} > / P{0c d}P{X(1) > 0}
0

establishing the claim.
For simplicity, we only show next the case m = 2. As above, a non-trivial case is where 0 &€ b + V7.

Fix a trajectory {x1(t1), t1 < T1} of X (¢1) and consider an event

{Xg(tg) > b-— :I?l(tl) for some tl < Tl, tQ < TQ},
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where randomness only comes from the Xo(¢2). Similar to how it is done in the last proof, we introduce

a Markov stopping time
0y = inf{tg >0: X2(t2) >b-— ml(tl) for some t1 < Tl}

By the Markov property applied to Xo(t2) and the stationarity of the increments of Xy we conclude
that

P{X(T) > b— x1(t1) for some t; <17}
= P{X(T2) > b—x(t1) for some t; < T7, O <Th}
> P{X2(Tz) — X2(02) > 0, 0 < Tp}

/T2 P {0 € dis} P{X2(Ts — t2) > 0} .

0

As in (19)

P{X2(To —t2) >0} = P{X2(1)>0} = P{X(1) > 0},

hence we obtain

T>
P{X2(T2) > b—x;(t;) for some t; <T} > / P{6, € dt} P{X (1) > 0},

0

or, in other words

P{X5(T2) > b — x(t1) for some t; < T1}
P{x(1) > 0}

]P){Xg(tg) >b-— :1:1(751) for some t1 < T7, tg < TQ} <

Applying the same arguments to X (¢1) we complete the proof. O

Now we are ready to prove the remaining upper bound required to conclude the sharp upper bound (10).

Lemma 3.4. There exists a constant ¢ < co such that, for all sufficiently large X > 0

[]-2 -
limsup sup U7~IP’ {Y(t, s) > ub for some 0 <t <T, s<1-— )\/u2} < ce= 201 Tirbr,
u=oo T>1/u2 T'ox(ub)
Proof of Lemma 3.4: Slotting the interval [0,7] onto Tw? small intervals of length 1/u? each and
making use of stationarity of X (¢ + s) — X (¢) with respect to ¢, we see that it suffices to prove the
following result:
]

(20) lim sup v ]P){Y(t,s) > ub for some t < 1/u?, s<1— )\/u2} < cle*%bjzf_llbf
U—00 (pz(ub)

for some ¢; < co. We start with the inequality
(21) P{Y (t,s) > ub for some ¢t < 1/u®, s <1-—\/u?}
< P{Y(t,s) > ub for some t < 1/u?, s < 1/u*}

+ P{Y(t s) > ub for some ¢t < 1/u?, s € [1/u? 1~ A/uQ]} =: Pi(u) 4+ Pa(u).
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Let us choose k such that by > 0. Then for all u positive we derive the following upper bound for Pj(u)

Pi(u) < P{ sup Yi(t,s) > ubk}
0<t<1/u?, 0<s<1/u?

IP’{2 sup ]Xk(t)\>ubk}
0<t<2/u?

AP { X1 (2/u®) > ubg/2} .

IN

IN

Since X (1) is normally distributed with mean zero, there exists an € > 0 such that, for all sufficiently
large u,

(22) P{Y (t,s) > ub for some 0 <t < 1/u?, 0< s < 1/u2} < e
Hence we have
Pi(u) = o(ps(ub) /ul!l)  as u — .
In order to estimate P»(u), let us first notice that, for t € [0,1/u?] and s > 1/u?
Y(ts) = (X(1/u*) = X (1) + (X (t+5) - X(1/u?)),
where the two differences on the right hand side are independent random vectors. Therefore, we have
P{Y (t,s) > ub for some 0 < t < 1/u?, se[l/u?1— )\/u2]}
< P{X'(t)+ X (s) > ub for some 0 <t < 1/u? 0<s<1-—Mu?},
where X’ and X are independent identically distributed processes. Next, by Theorem 1.1
P{X'(t) + X (s) > ub for some 0 <t < 1/u% 0<s<1-\u’}
< P{X(1—-(\—1)/u?) > ub}
for some ¢ < oco. Hence we obtain
P{Y (t,s) > ub for some 0 < ¢ < 1/u?, s € [1/u* 1~ )\/u2]}

< P{X(1-(A-1)/u?) > ub} = CP{X(1) v 1)/u2b}.

Since further for all v > 0

2
u 9 . ) B
( 1—()\—1)/u2> > w(l-A-1D/uw) = v +A-1,

then the above combined with (22) implies (20). O
Proof of the upper bound (10): Using that for each A < u?,
P{Y (t,s) > ub for some 0 <t <T, 0 < s <1}
< P{Y(t,s) > ub for some 0 <t <T, s€[l— )\/uz,l]}
+P{Y(t,s) >ubforsome 0 <t<T, 0<s< 1—)\/u2},

the proof follows straightforwardly by letting A — oo and combination of Corollary 3.3 with Lemma 3.4.
The proof that Hyxp € (0,00) is postponed to Section 3.4. O
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3.3. Proof of the lower bound (11): We start with the following auxiliary result. For v, 7, A > 0, set

Du(’Y) = [077—/“2] X [1 - )\/UQ, 1] X [7/“27 (’7 + T)/u2] X [1 - )\/UQ, 1]

and event
Bu(v) = {Y(t,s) > ub for some t € [y/u?, (v +7)/u?], s € [1 — N\u?1]}.
Let
Hop(r,\) = e A 0 / 1 D1 br=w ] (57w /2
RI

XIP’{ (Xl(T, T+N)+X 1 (¢, s) N Xo(r, 7+ N+ X 2 (w, v)
2 2

where X1 and X are independent copies of the process X.

) > x; for some t, w<r, s,v§7+/\}dm1,
I

Lemma 3.5. Under conditions of Lemma 3.1, for all T and A positive, there is a constant ¢ such that
~ T, —
P{B.(0) N Bu()} < cuMlps(ub)e™® 704 35 (7, N),
for all v € [T + A\, u? — 7 — \] where

1 _
lim sup ﬁHz’b(T’ A) = HZ,b(/\) € [0, 00).

T—00

Proof of Lemma 3.5: If 7+ A\ <y < u? — 7 — A, then

(1/u?,~/u?, (v/u?, (v + 1) /u?], (v +7)/u?, 1= AJu?],
(1 —=XNu?, 1+ 7/u?], (1+7/u®, 1+ (y—=N/u?], 1+ —N/u? 1+ (y+7)/u?]

are successive proper intervals, for all sufficiently large u. Then, for (¢, s,w,v) € Dy(7),
X(t+s)— X(t) + X (w+v) — X(w)
= [X(7/u?) = X(O)] + [X (v/u®) = X (7/u)] + [ X ((y + ) /u?) = X (7/u?)]
HX A = Mu?) = X((v+7)/u?)] + [X(E+5) = X (1= A/u?)]
HX((y+1)/u?) = X(w)] + [X (1= Au?) = X((v+7)/u?)] + [X (1 +7/u®) = X (1 = N/u?)]
HX A+ (v = N)/u?) = XA+ 7/u®)] + [ X (w+v) — X(1+ (v — \)/a?)].

Collecting together terms which do not depend on ¢, s, w and v and are independent of other terms we

get the following representation for the right hand side

20u(VAZ + [ X (7/u®) = X (O] + [X((v + 7) /u®) = X (v/u?)] + [ X (t +5) = X (1 = A/u?)]

HX (v + 1) /u?) = X ()] + [X (1 +7/u®) = X (1= M) + [X (w+v) = X(1+ (v = N)/u?)],
where Z is a standard normal random vector independent of all other random variables and
(23) PE(y) = 1—(2y+ 5\ +67)/4u?.

If X1 and X5 are two independent copies of the process X independent of Z, then we have the following

equivalent representation for the last random variable
20u(MAZ + [X1(1/u?) = X1 ()] + [X2((y + 1) /u?) = Xa(v/u?)] + [ X1 (t +5) — X1 (1 = Au?)]
HX((y+7) /6%) = Xo(w)] + [X 1 (14+7/u?) = X1(1-2/u?)] + [Xa(w+v) — Xa(1+(y=X) /u?)],
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which in its turn by the stationarity of increments implies the following equality in law

X))+ X(w+v)— X(w)
X1 (8)] + [X1 (27 + N /u?) = X1 (7/u?)]

X(t+s)—
L 2Zy+ [ X1t +s— 1+ (1+N\)/u?) —
[Xo((y + 27) /u®) = Xo((y + 1) /u?)],

+ [Xo(w+v—14 (1 +N)/u?) — Xo(w)] +

where Z, := p,(7)AZ; let 3, := p2X be the covariance matrix of Z,. Therefore,

P{Bu(0) N Bu(7)}
< P{X(t+5) — X(8)] + [X (w +v)
P{2Z., + [X1((27 + N)/u?) = X1 (7/u?)] + [ X (¢
— Xo(w)] > 2ub
for some t,w < 7/u<s,v < (T + A)/UQ}

X (w)] > 2ub for some (t,s,w,v) € Dy(y)}
+5) — X1(¢)]

HX2(2r/u?) = Xo(r/u?)] + [X2(w +v)

YQ(T/UQ,T/U;) + Yo (w,v) > ub

for some t,w < 7/u? < s,v < (T+)\)/u2},

_ IP’{ZU+ Yl(T/UQ,(T—i—)\Q)/uQ) +Y1(t,s) N

where Y and Y, are independent copies of Y independent of Z,. Let us now adapt calculations used

in the proof of Lemma 3.1 to the evaluation of the probability on the right hand side. We have

~—

Yo(r/u?, 7/u?) + Ya(w,v) o ub+ w

P{B.(0) N Bu(v)}
T+ A)/u?) + Yi(t, s) N
2

< /]Rd qu(—w>P{Y1(7/U27( 2

for some t,w < 7/u® < s,v < (1 + )\)/uQ} dw.

Let w € R? be a vector with coordinates @w; = u for all i € I and u; = 1 else. Change of variables

w=—ub+z /@, dw = da/ul!l, gives the following value of the last integral
2 2 2
u / (-2 {Yl(T/u (T A N/) + Y (ts) | Yolr/u?,7/u?) + Ya(w, )
Rd u 2 2
> u(b—b) + 2 for some tiw < 7/u? <s0< (T+ )\)/u2} de

— M (ug)/ o~ ((ub—a/@) TS (ub—a /@)~ (ub) 5 (ub) ) /203
Rd

XIP’{XA’()\,T,S,t,v,w) > u2(b—g) + g for some t,w <7 < 8,0 < T+)\} dx,
u

where we set
Y (A + Y (t,s) + Yao(r,T) + Ya(w,v)

?(A,T,s,t,v,w) = 5
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Then (13) implies that
P{B.(0) N Bu(7)}
< s, (ub) |

@I ST b1/ G, / o (/) TS w/w) /20
RI

RJ

XP{?()\,T,S,t,’U,’U))[ > u2(b—5)1+@ for some t,w <7 < s,v < T—i—)\}da:J
ur

= gy (ub) /R I @1 SO0/ g /R o (@/m) TS (@ /w) /22

J

XIP’{SA’()\,T,S,t,U,w)I > x; for some t,w <7 < s,v < T—l—)\} dx g,

because (b — b); = 0 for all i € I (see Lemma A.1). Since limy_00py = 1, the double integral above

converges to
Hz (7, N)
= /]Rd ewITE;IIbI_’c;Z;}wJ/QIP’{}/}(A,T,s,t,v,w)j > xy for some t,w < T <s,0v<7T+ A} dx
as u — 00. Therefore, for some ¢ < co which does not depend on
(24) P{B,(0)NBu(v)} < cu Mg, (ub)Hsp(r,N),

where we used the dominated convergence theorem, which may be justified in the same way as in the

proof of Lemma 3.1. For p, defined in (23) we get the following upper bound

( E) 1 o ’U,2BTE_1Z
Uu = _—— X —
P pa(2r det )32 TPV 7201 = (27 + 5A + 67)/4u?)
1 . w2 STB(1 + (2 + 5A + 67) /4u?)
o)
pu (27 det X2)4/2 P 2
- iw(ug) eXp{—WETE_lg}.

Thus, for p, > 1/2 we have
~ ~ ~T 5
pr,(ub) < 2px(ub)e® ¥/

and substituting the above into (24) we conclude the proof. O
Proof of bound (11): Take v = 7 + A and for simplicity assume that Tu?/v is a positive integer. By
standard arguments we have

Tu?/y
P{Y (t,s) > ub for some t <T,s <1} > P U Bu(j7)
=0

(25) > Y P{B.(GV}— Y.  P{Bu(jv)NBu(iv)}.
0<j<Tu?/~ 0<j<i<Tu?/y
For any fixed 7 and A, by Lemma 3.1,
(26) Z P{B.(jv)} ~ LUQu*‘I'goZ(ug)’Hg b(T,A) as u— oo.
T+ A o

0<j<Tu?/v
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Then, by Lemma 3.5

~ - N T w1
(27) S P{B.GY NBu()} < cuMlos(ub) Hep(r, ) D e (b XA
0<j<i<Tu2 /v 0<j<i<Tu?/y

The sum on the right hand side is not greater than

~T ~
2 > ~ ~ 2 —vb ¥71b/4 2 - ~
TU e—iwaE_lb/4 < TU e v / TU e_,beE—lb/4

>~ s = C1
g THAN] _ o—b =1b/4 T+ A

Substituting the last upper bound into (27) and taking into account (26), we get from (25) that, for all
fixed 7 and A

7|2
lim inf P{Y(t s) > ub for some t < T, s € [l — \/u® 1]}
U—00 (,DE(Ub)
(28) > T (’H (1,\) —¢ H (T )\)e_AYETE_IE/‘l)
= A 3,b\7, 1713 b\ 7, .

Letting now 7 — oo (and hence v — oco) we get, for all fixed A > 0

7|—2
lim inf P{Y(t,s) > ub for some t <T,s <1} > THxp(N),
U—00 @E(Ub)

which establishes the lower bound (11). O

3.4. Positivity and finiteness of Hy ;. We conclude the proof of Theorem 2.1 with the lemma that

confirms that Hy p is positive and finite.
Lemma 3.6. For any b € R?\ (o0, 0]¢, we have Hsp € (0,00).

Proof of Lemma 3.6:

i) Proof that Hx p > 0: We begin with an observation that, by Lemma 3.1, for each 7 > 0, Hx (7, A) is

an increasing function of A. Thus it suffices to check that Hx p(A) > 0 for some A > 0.
Let 7, 7/ > 0. From (18) we have

_ P{Y (t,s) > ub for some t <T, s € [l — A\/u? 1]} Hsp(T,N)
lim sup = < : ,
U—00 Tu2- | s (ub) T

while from (28)

P{Y (t,s) > ub for some t < T, s € [I — A\/u? 1]}

lim inf E
e Tu? s, (ub)
7 P
> Hyp(1,\) — crHs p(7/, N)e (T8 2 1/4
- T+ A :
Hence
: A 77 , e
(29) T + 7—[27b(7', )\) > 7—[271)(7-/’)\) _Cle),b(T,,)\)e_(T A5 = 1b/4'

Now it suffices to note that, by Lemma 3.5 we have
Hsp(T,N) < ot
l0)

/\ PN B PN S
(30) ’Hz,b(T/aA)*Clﬂz,b(Tlv)\)e_(T b BT/ Hsp(T', ) — g% (THNb =TI
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’ 7T 13
where the positivity follows from the fact that Hs (77, \) is increasing as a function of 7/ and 7/2¢~ (7' +2)b = b4,
0as 7" — oo.

Thus, combination of (29) with (30) for appropriately large 7" and 7 — oo confirms that Hyp > 0.

ii) Proof that Hxp < co: Using that, for each A, Hx (7, A) is subadditive as a function of 7, and hence

7_17-[271,(7', A) is nonincreasing as a function of 7, it suffices to prove that for 7 =1
(31) )\hfolo Hsp(l,A) < oc.
Indeed,
P{Y (¢ s) > ub for some t < 1/u?, s € [L— (A + A\o)/u? 1]}
< P{Y(t,s) > ub for some t < 1/u?, s e[l — A\ /u? 1]}
+P{Y(t,s) > ub for some ¢t < 1/u? s <1— Al/u2} ,
for all A\; and Ay > 0. Then it is straightforward by Lemma 3.1 and (20) that for each Ay > 0
Hep(1, A+ A2) < Hup(l, M) + e M brbn/2

which confirms the existence of the limit in (31) and its finiteness. O

APPENDIX A. QUADRATIC PROGRAMMING PROBLEMS

The next result is known and formulated for instance in [7].
Lemma A.1l. Let X be a positive definite matrix of size d x d with inverse =1, If b € R4\ (—o0,0]?,

then the quadratic programming problem Ix(b) formulated in (3) has a unique solution b and there exists

a unique non-empty index set I C {1,...,d} with m < d elements such that
(32) by =br, and if J:={1,...,d}\ I #0, thenb; = XX} br>by, X7}br >0,

(33) minz Sl =b S = b7/ b >0,

Furthermore, for any € R% we have
(34) ' Y7 = 2] Y7ty = &) By

and if b= cl,c € (0,00), then 2 < |I| < k and J is empty if ~1b > 0.
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