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CLIFFORD ALGEBRA ANALOGUE OF CARTAN’S THEOREM
FOR SYMMETRIC PAIRS

KIERAN CALVERT, KARMEN GRIZELJ, ANDREY KRUTOV, AND PAVLE PANDZIC

ABSTRACT. We extend Kostant’s results about g-invariants in the Clifford al-
gebra Cl(g) of a complex semisimple Lie algebra g to the relative case of ¢-
invariants in the Clifford algebra Cl(p), where (g,t) is a classical symmetric
pair and p is the (—1)-eigenspace of the corresponding involution. In this setup
we prove the Cartan theorem for Clifford algebras, a relative transgression
theorem, the Harish-Chandra isomorphism for Cl(p), and a relative version of
Kostant’s Clifford algebra conjecture.

1. INTRODUCTION

Let G be a compact simple connected Lie group and K a closed subgroup (hence
a Lie subgroup). We do not assume K is connected, but we will be assuming that K
is a symmetric subgroup, i.e., there is an involution © of G such that

G C K C G°,

where G® denotes the subgroup of G consisting of the points fixed under ©, and G
denotes the connected component of G®. Typical examples of compact symmetric
spaces G/K are the classical ones, such as SU(p + q)/S(U(p) x U(q)), SO(p +
q)/5(0(p) x O(q)), Sp(p + q)/Sp(p) x Sp(q). Among these, K = S(O(p) x O(q))
is not connected. Note that in all these examples K = G for an appropriate ©

By well known classical results of E. Cartan and de Rham, the de Rham co-
homology (with complex coefficients) H(G/K) of G/K as above can be described
as follows. Let B be a nondegenerate invariant symmetric bilinear form on the
complexified Lie algebra g of G; such a form exists since G is reductive, so one can
take the Killing form on the semisimple part of g and extend by any nondegenerate
form on the center of g. Let £ C g be the complexified Lie algebra of K and let p
be the orthogonal complement of £ with respect to B, so that

g=top,

and this decomposition is compatible with the adjoint K-action. The space p can
also be described as the (—1)-eigenspace of § = d ©. Denote by (Ap)X the algebra
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of K-invariants in Ap. Then
H(G/K) = (Ap)*

as graded algebras.

As mentioned above, this result is old and very well known, but it is not easy to
find a proof in the literature. One place where one can find it is [CNP] §4.1].

The structure of the algebra (Ap)* is well understood through the work of Borel,
H. Cartan, Hopf, Koszul, Samelson and others, see [Carll, [Car2l [Bor| [Andl [Ras].
This is achieved using a series of quasi-isomorphisms and it is quite involved and not
completely explicit; moreover, there is no treatment of (Ap)¥ for disconnected K.
See [Onil 12.3 Theorem 1] and [GHV], X.2 Theorem III].

On the other hand, one can replace the algebra Ap by its filtered deformation (or
quantisation), the Clifford algebra Cl(p) with respect to B. This is an associative
algebra with unit, generated by p, with relations

XY +YX =2B(X,Y), X, Ye€p.

Clearly, Cl(p) is a quotient of the tensor algebra T'(p) by a nonhomogeneous ideal,
o0 it inherits a filtration, and the corresponding graded algebra is Ap.

One might think that the filtered algebras Cl(p) and Cl(p)% are more complicated
than their associated graded algebras Ap and (Ap)¥, but in many aspects the
filtered versions are in fact simpler. To illustrate this, let us temporarily assume
that g and ¢ have equal rank, and let t be a common Cartan subalgebra. Then dim p
is even, and the Clifford algebra Cl(p) has only one simple module, the spin module
S; moreover, any Cl(p)-module is a direct sum of copies of S, and Cl(p) = End S.
To construct S, write

p=pT@®p,
where p* and p~ are maximal isotropic subspaces of p in duality under B. Then
one can take S = Ap™T, with elements of p* acting by wedging, and elements of p~

by contracting. The spin module S carries an action of the spin double cover K of
K; the corresponding action of £ is described by the Lie algebra map «,, : £ — Cl(p),

1
aP(X):ZZ[val}dm XEE?

where b; is any basis of p and d; is the dual basis with respect to B. As a t-module,
S is multiplicity free and decomposes as

S = @ Buwpg—pe-
weW?

Here pg and pe are the half sums of compatible positive roots of (g, t) respectively
(¢,1). Furthermore,

W' = {w € W, | wpg is t-dominant},

where W denotes the Weyl group of (g, t). Finally, £, ,, denotes the irreducible
finite-dimensional £-module with highest weight wpg — pe.
Now Cl(p) = End S implies

Cl(p)* = End, S,
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and by Schur’s Lemma this is the algebra of projections pr,, : S — Eyp,—p,- This is

a very simple commutative algebra, isomorphic to C"'I with coordinate-wise mul-
tiplication. (The isomorphism is given by identifying pr,, with (0,...,0,1,0,...,0),
with 1 in the place corresponding to w.) This was explained to the fourth-named
author by Kostant [Kosd]; see [CGKP|] and [CNP] for more details. We can now
extend our map «, to the universal enveloping algebra U () of &, restrict it to
the center Z(€) of U(t), and identify Z(¢) with C[t*]"t by the Harish-Chandra
isomorphism (here W, is the Weyl group of (£,t)). In this way we get a map

ap : C[E*]"e — Cl(p)*, ay(P) = Z P(wp) pr,,,
weW?

which is easily seen to be onto (in the equal rank case). Moreover, the kernel of
is generated by the Wy-invariants in C[t*] that evaluate to 0 at p, and thus one gets
to understand Cl(p)* by generators and relations. One can then pass to associated
graded algebras and obtain results about the structure of (Ap)®. This approach is
much more direct and explicit than the classical approach described earlier, and has
an additional advantage of simultaneously understanding the filtered deformation
Cl(p)t of (Ap)t. Finally, it is not difficult to extend these considerations to the
algebras Cl(p)® and (Ap)¥ for disconnected K; see [CNP] and [CGKP].

If g and £ do not have equal rank, Cl(p)* is typically much bigger than the algebra
Pr(S) of projections of the spin module; moreover, it is not abelian any more. In
fact, it is the tensor product of the algebra of projections and a Clifford algebra
isomorphic to Cl(a), where a is the split part of the fundamental Cartan subalgebra
h = t@ a of g. The situation is thus analogous to the case of (Ap)t studied by
Borel, H. Cartan, Hopf, Koszul and Samelson. The Clifford algebra setting was
first studied by Kostant [Kos2] who proved that in the “absolute” case when £ and
p are both isomorphic to a complex Lie algebra g (and what we denoted by g earlier
is now g g), Cl(g)? is isomorphic to the Clifford algebra Cl(f), where b is a Cartan
subalgebra of g, and this copy of Cl(h) is realized inside Cl(g) as a Clifford algebra
over the primitive elements P (g) which correspond to h C Cl(h), but have various
high degrees. This is analogous to the classical Hopf-Koszul-Samelson theorem
about (Ag)?.

The purpose of this article is to prove results analogous to Kostant’s in the
“relative” case. We show that for a symmetric pair (G, K) as above, the algebra
Cl(p)® is isomorphic to a tensor product of the algebra of projections of the spin
module with a Clifford algebra isomorphic to Cl(a). The subalgebra Cl(a) is realized
inside Cl(p) as the Clifford algebra over the “primitives” Pa(p) corresponding to
a but lying in various high degrees. Explicitly Pa(p) is the projection of Pa(g) to
(Ap)t. We denote by Pci(p) the image of P,(p) under the Chevalley map (skew-
symmetrization) ¢ : Ap — Cl(p). We define a form B on the vector space (Ap)t =
Cl(p)*® by setting B(a, b) to be the Oth component of ¢,b, where 1, is the contraction
of Ap by a. We can now state our main theorem:

Theorem 1.1. Let (G, K) be a compact symmetric pair such that G is simple and
connected. Assume that (g, %) is different from (e(6),5p(8)).

(a) With the above notation, the inclusion Poi(p) — Cl(p)X extends to a filtered
algebra homormorpism

Cl(Pc(p), B) — Cl(p)¥,
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which is an isomorphism in the primary cases, i.e., when the spin module S contains
only one t-type. For the “almost primary cases” (G, K) = (SU(2n), SO(2n)), the
statement remains true if K is replaced by O(2n).

(b) There is an algebra isomorphism

Cl(Pa(p), B) @ Pr(S) = Cl(p)*.
(c) There is a filtered algebra isomorphism
Pr(S) = C[t]"*/I,,

where I, is the ideal of C[t*]"* generated by a € C[t*]"s such that a(p) = 0.
(d) Passing to the associated graded algebras we recover the well known Cartan
(or Cartan-Borel) Theorem for symmetric spaces

APA(p) @ C[E]"e /11 = (Ap)°,
where I = gr I, is the ideal of C[t*]"* generated by elements of C[t*]"s with zero
constant term.

For the equal rank case, Theorem|[L.1|a) is trivial and (b) was proved by Kostant
(see above). For the rest, see [CGKP] Section 2] and [CNP, Section 3.4]. For
(g,¢) = (so(2p + 2q + 2,C),s0(2p + 1,C) ® s0(2g + 1,C)) Theorem 1.1 is proved
in [CNP| Section 3.5]; this case is called almost equal rank because dima = 1.
In this paper we prove this result in the remaining cases, the primary and almost
primary cases.

One of Kostant’s main tools in the absolute case was the Transgression The-
orem, which allows one to construct primitive invariants in Ag starting from the
better known primitive invariants in the symmetric algebra S(g). Analogues of this
theorem play also an important role in our approach. Kostant also used the Hodge
decomposition and the corresponding duality for Lie algebra (co)homology. This is
not available in the relative case, so we developed new tools based on transgression
and Harish-Chandra maps. This also gives an alternative way to prove Kostant’s
results.

We revisit the transgression construction and show that it factorises via the
noncommutative Weil algebra

W(g) = T(g[-2] ® g[-1])
defined in [AM3] (see Section [3.3). This allows us to show that the image of the
transgression map consists of “primitives” a la [Ras] and obtain an alternative proof
of Kostant’s results which is more suitable for our generalisations.
In a similar manner we define transgression maps for the relative Weil algebras

W(g7 K) = W(g)beasic = (S(g) ® /\p)K
and prove the relative version of the transgression theorem, Theorem It says
that we can produce primitive K-invariants in Ap starting from those primitive
g-invariants in S(g) that project trivially to S(&).
We also study other related absolute and relative Weil algebras, as well as corre-
sponding transgression maps. For example, we consider the quantum Weil algebra

W(g) = U(g) ® Cl(g)
and its relative version

W(g, K) = (U(g) @ Cl(p))"~.
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To relate the results about transgression and Theorem [I.I] we use certain Harish-
Chandra type projections of the Clifford algebra. In the absolute case, a Harish-
Chandra map hc from Cl(g)? to Cl(h) was studied by Kostant, Bazlov and others;
see [Meil]. In the relative cases, we define analogues of this map attached to elements
of W'. We show that each hc,, : Cl(p)* — Cl(a) is a surjective algebra map, and
that he; is an isomorphism in the primary cases; see Propositions [6.7] and [7.2]

In the absolute cases, it was conjectured by Kostant and proved by Bazlov [Baz2],
Joseph [Jos] and Alekseev-Moreau [AM4], that hc is an isomorphism of filtered alge-
bras, if we introduce a filtration of h using the action of a principal s[(2) subalgebra
of the dual Lie algebra g¥. We show that an analogous result holds in primary and
almost primary cases, see Theorem [8.2]

Proposition [6.7, Proposition[7.2]and Theorem [8.2] can be summarized as follows:

Theorem 1.2. Let (G, K) be a symmetric pair as in Theorem . Let a be filtered
using the action of the principal sI(2) subalgebra of g¥. Then for each w € W1,
he,, : Cl(p)t — Cl(a) is a surjective filtered algebra homomorphism. In the primary
case, hcy is an isomorphism.

The paper is organized as follows. After reviewing some preliminaries in Section
2, we discuss various Weil algebras and transgression maps in Section 3 and 4.
Section 5 is devoted to the proof of Relative Transgression Theorem and in Section
6 we study the Harish-Chandra maps. In Section 7 we prove the main theorem,
Theorem [I.1] Finally, in Section 8 we discuss the relative version of Kostant’s
Clifford algebra conjecture.

2. PRELIMINARIES

In this section we survey some definitions and facts about Clifford algebras and
symmetric pairs.

2.1. Contractions and bilinear forms. Let V be a vector space with a nonde-
generated symmetric bilinear form B.

The transpose anti-automorphism o7 of AV is defined by sending a = v; A ... A
v € AV toal =viA...Avy. Since AV is super-commutative, o7 is multiplication
by (—1)* on each graded component A"V

Definition 2.1. For v € V| we define a derivation ¢, : AV — AV by

k
(Vi Ao Avg) = Z(—l)iB(v,vi)m Ao AV—1 AVip1 Ao A g
i=1
The map ¢ extends to an algebra homomorphism AV — End(AV) and is called
contraction.

Definition 2.2. For a € AV let (a)[g be the 0" degree part of a. We extend the
bilinear form B to AV in two ways;

B(a, b) = (LaTb)[O], B(a, b) = (Lab)[o]-

2.2. Clifford algebras. In this section we recall definition and main properties of
Clifford algebras. Our main reference is [Mei, Chapter 2]; see also [HP2, §2].
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Definition 2.3. For a vector space V with symmetric nondegenerate inner prod-
uct B, define the Clifford algebra

CI(V,B)=T(V)/(u®v+v®u—2B(u,v)).

We often drop the bilinear form in notation and write C1(V, B) as Cl(V).
Depending on the dimension of V', C1(V) is either an endomorpism algebra or
two copies of an endomorphism algebra of spin modules S and S, So respectively.

{End(S) if dimV is even,

CYV) =
V) End(S7) ® End(S2) if dimV is odd.

The associated graded algebra of the Clifford algebra C1(V') is the exterior algebra
AV. These are isomorphic as vector spaces. The isomorphisms are given by the
symbol map symb : Cl(V) — AV and the quantization map ¢ : AV — CL(V);
see [Mei, Section 2.2.5].

For v € V we define an odd derivation ¢,: Cl(g) — Cl(g) by

k-1
ty(vy .. vg) = Z B(v,0;)v1 « .. 05—1041 - - - Uk,
=1

The quantisation map intertwines contraction operators in AV and CI(V): for all
w e AV, v eV we have that ¢,(¢(w)) = g(tyw).

The filtration on Cl(V') is compatible with the Z-grading of AV in the following
manner

k
CI® (V) =¢q (@ /\mv> for k=0,...,dim(V). (2.4)
m=0

The degree 2 space ¢(A*V) € C1@ (V) is closed under the Lie bracket [X,Y] =
XY — Y X. The Lie algebra ¢(\°V) is isomorphic to o(V).

Let L be a compact Lie group and [ be the corresponding Lie algebra (in examples
we need, L will be G or K). Now assume that V is a [-module which admits
a non-degenerate invariant symmetric bilinear form B. Since B is symmetric and
invariant, the action of I on V defines a Lie algebra homomorphism [ — o(V).
Hence we get a [-equivariant linear map

Avi L —— o(V) —= A?V.

Composing it with the embedding of the Lie algebra o(V) /\2V into the Clifford
algebra C1(V'), we get a Lie algebra map

ay: | o(V) —== NV L c1®(v). (2.5)
Explicitly, if e; is a basis of V' with dual basis f; with respect to B, then
1! 1!
AV(X):EZ[X,ei]/\fi, av(X)ZEZ[X,ei]fu Xel

(3 (3

where ZEV) denotes the summation over a basis of V' indexed by i. By the universal
properties, Ay and ay extend to algebra maps

Av: S — AV, ay: U(l) — Cl(V),
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(in particular, cy defines a quantum moment map in sense of [Lul]). Therefore, the
spin module S (or Sy and S3) of C(V) can be viewed as an l-module. We define
az = alzw(y) to be the restriction of ay to the centre of U(I).

In a similar manner one defines the corresponding L-module structure on S
(or Sy, S3), where L is a double cover of L which makes the following diagram
commutative

L —— Spin(V)

| |

L —— SO(V,B)
See [HP2, §3.2.1] for details.

2.3. Symmetric pairs of Lie algebras. Let (G, K) be a symmetric pair of com-
pact Lie groups as in the introduction, with © being the corresponding involution
of G. Then the complexified Lie algebra g of G has an involution § = d © such that
g’ = ¢ is the complexified Lie algebra of K. The pair (g, £) is called a symmetric
pair (of Lie algebras). Then g has a nondegenerate symmetric bilinear form B
(e.g. the Killing form if g is semisimple) and this form is invariant under 6. The
(—1)-eigenspace of 6 is denoted by p. It is clear that p is a &-module. Let t denote
a Cartan subalgebra of £ and let h = t® a be a Cartan subalgebra of g with a C p.

Definition 2.6. The Clifford algebra Cl(p) is defined with a nondegenerate g-
invariant form B on g restricted to p. We denote by S (or S; and S if dimp odd)
irreducible (spin) module(s) for Cl(p).

2.4. Types of symmetric pairs.

Definition 2.7. A symmetric pair (g, ) is called
e primary if S is t-primary, i.e., it contains only one ¢-type;
e almost primary if S has two t-types and dima > 1;
e of equal rank if dima = 0;
e of almost equal rank if dima = 1.

The classification of compact symmetric spaces G/K for simple g = Lie(G) is
given, for example, in [Hel]. It turns out that all corresponding symmetric pairs
of Lie algebras fall into one of the four categories of Definition except for the
pair (¢(6),5p(8)).

In this paper we will consider mostly primary symmetric pairs, such as
(sl(2n+1),0(2n + 1), (sl(2n),sp(2n)), (e(6),§(4)),
and almost primary symmetric pairs
(sl(2n),0(2n)).
2.5. Algebra structure of Cl(p)t as endomorphisms of spin modules. Recall

that, if dimp is even, the Clifford algebra is isomorphic to the endomorphisms of
the spinor module and if dim p is odd, equal to the direct sum of two such spaces.

Cl(p) = End(S) dim p even,
M= End(S;) ® End(Sy) dimp odd.
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Lemma 2.8. The algebra Cl(p)® is equal to the E-endomorphisms of S (resp. the
direct sum of t-endomorphisms of S1 and Ss).

Proof. If dimp is even then Cl(p) = End(S) and Cl(p)* = End¢(S) Analogously,
for dimp odd, Cl(p)t — Ende(S1) & Ende(S,). 0

Lemma 2.9. [HP2| §2.3.6] The highest weights of the spin module S (resp. S1 and
Sy) are given by
wpg —pe forw e wt.

Let p = a®q where g = qT®q~ = nTNpdn~Np. Define £, to be the irreducible
finite dimensional &-module with highest weight wpg — pe. Let a®,a™ be a dual pair
of maximal isotropic subspaces of a with respect to B. If a or equivalently p is
odd dimensional, let ag be the 1-dimensional space orthogonal to at @ a~. Then
for dimp even, S is isomorphic to Aa™ ® AqT. For dimp odd, Sy, Sy are both
isomorphic to Aa™ ® Aqt, with ay acting on S§ver, S999 by i and S99, Sgven
by —i.

Lemma 2.10. [HP2| §2.3.6] As ¢-modules,
S= P Nat®E,, $=285=  Adt@E,,

wewl wewl

with trivial -action on Aat.

Definition 2.11. Define an algebra Pr(.S) isomorphic to CIW'l with basis of idem-
potents labeled by pr,,, w € W1, such that

prwl per = 6w11w2 prwl .

Lemma 2.12. The t-invariants in Cl(p) are isomorphic as an algebra to

1%

Cl(p)*

End(Aa™t) @ Pr(S) dimp even,
(End(Aa™) ® End(Aa™)) ® Pr(S) dimp odd.

In both cases
Cl(p)* = Cl(a) @ Pr(9).

Moreover, Pr(S) =imag.

Proof. The algebra Cl(p)® is the -endomorphisms of S or S; and S,. For each
t-type E,, there is a projection pr,, onto the E,, isotypic component. Furthermore,
this isotypic component is a direct sum of dim Aa™ copies of F,,, hence the space of
t-endomorphisms of this isotypic component is isomorphic to End(/Aa™). An iden-
tical argument can be made for S; or Sy. To finish, one notes that g is always even
dimensional as it contains both positive and negative root spaces. Hence dim p has
the same parity as dima. Therefore, if dimp is even, then Cl(a) = End(Aa™) and
if dimp is odd, then Cl(a) = End(Aa™) ® End(Aa™).

The fact that Pr(S) = imayz was proved in [CGKP]. O

It is worth noting this is not a filtered algebra isomorphism if we use the usual
filtration on Cl(a). A description of the filtration on Cl(a) which is compatible with
the above isomorphism will be given in Section
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3. TRANSGRESSIONS IN WEIL ALGEBRAS

In this section we define various Weil algebras and construct the corresponding
transgression maps. The results of this section will allow us to reprove Kostant’s
description of Cl(g)? as the Clifford algebra on primitives. Furthermore, we are
able to extend our results to the relative case which will be illuminated in section [
Theorem [3.26] shows that the image of the transgression map consists of primitives
as defined in [Ras]. It turns out that the transgression maps in various Weil algebras
all factor through the noncommutative Weil algebra.

3.1. G-differential algebras. H. Cartan introduced the notion of g-differential
algebras as a generalisation of algebras of differential forms on manifolds with g-
action, [Carll [Car2]. Later g-differential algebras appeared in the study of equi-
variant cohomology [GS| [AMI] [AM2], in Chern-Weil theory [AM3| [Mei], and in
relation to (algebraic) Dirac operators and Vogan’s conjecture [HP1l [HP2, [AM3].
Here we review definition and main properties of G-differential algebras; see [GS,
§2-§4] and [Mei, §6] for more details.

Let g be a Lie algebra and & be a generator of the Grassmann algebra A[¢], i.e.,
€2 = 0. Let d denote the differential on A[¢] given by d = a% € Der A[¢]. Consider
a semisimple Z-graded Lie superalgebra

g=AN¢l®@geCd=7_1Dg9 @01,

where g_1 = span(i; | € g), go = span(L, | € g), and g; = span(d). In the
following we refer to ¢, as contractions and L, as Lie derivatives. The explicit
brackets in g are as follows

[La:v Ly] = L[z,y]7 [Lmv Ly] = Uax,y]» [Lmv d] = Lwa
[d7 d] = 07 [Lafa d] = 07 [an Ly] = 07

for all z,y € g.

A (graded, filtered) g-differential space is a (graded, filtered) super vector space V',
together with a structure of g-representation p: g — gl(V') (compatible with grada-
tion/filtration). A g-differential algebra is a super-algebra A, together with a struc-
ture of a g-differential space, such that p takes values in Der(A).

Similarly, let G be a compact Lie group and denote by g its Lie algebra. A G-
differential algebra is a superalgebra A with a representation p of G by automor-
phisms of A and a structure of g-differential algebra on A which satisfies

d _
Spplexpt)| = La, p(9)Lap(g™") = Lad, o
t=0
p(9)tap(9™") = tad, o plg)dplg™) =4,
for all g € G and x € g, where Ad denotes the adjoint action of G on g.
Let A be a G-differential algebra. The G-horizontal subalgebra of A, denoted
by Ac_tor, by
Ag-hor ={a € A|,a=0 forall z €g}.
Let us emphasise that Ag_por is not a differential subalgebra.
The G-basic subalgebra of A, denoted by Ag_pas is the algebra of G-invariants
in A which are horizontal, i.e. annihilated by all the contractions by the elements
of g. In other words:

Ac_pas = AN {a € Al 1a=0,Yz € g}.
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Similarly, the g-basic subalgebra of A is defined by
Ag_vas =AN{a € Al 1;a=0,Vx € g}.
Note that Ag_pas € Ag—bas-

A connection on a (graded, filtered) g-differential algebra A is an odd linear
map 9: g* — A of degree 1, such that L,9(u) = d(ad) p) and ¢, 9(u) = (i, x)
for all 4 € g* and = € g. A g-differential algebra admitting a connection is called
locally free. If e; is a basis of g then a connection can be represented by the element
=99 ge cAxg.

The curvature of a connection ¥ is an even map FV: g* — A of degree 2, defined
by

—do+ = [19 9. (3.1)

The curvature map can be represented by the element FV = Egg) (F)i®e; € ARy,
where

(F) = dv' + Z ch 0",

where sz,b are the structure constants of g in the basis e,, i.e., [eq, €] = Z-cfl’bel-.
It is easy to see that the curvature map is g-equivariant and takes values in Ag_por.

Ezample 3.2. Consider the case of A = Ag*. Define contractions ¢, of Ag* by
an element x € g by Definition 2.I] Let L, denote the extension of the coadjoint
action ad on Ag* for x € g. Let da: g* — /\29* be the dual map to the bracket
[—,—]: /\29 — g extended to a degree 1 odd derivation of Ag*; explicitly

(g)

Zfa OLeaa

where e, is a basis of g and f, is the corresponding dual basis of g* considered as
the left multiplication operator. It is easy to see that Ag* is a g-differential algebra.
The g-differential algebra Ag* is locally free with connection 9, given by ¥ (u) = p
for all p € g*. It is easy to see that the curvature of the connection ¥, is zero.
See [Meil, §6.7] for further details.

Example 3.3. Assume that g admits a non-degenerate symmetric invariant bilinear
form B so we can identify g* = g. Consider the corresponding Cartan 3-tensor

1 (9)
32 dale) A fi € (Aot (3.4)

The Clifford algebra Cl(g) is a filtered g-differential algebra with differential given
by dc1 = [¢(#), —], the Lie derivatives are induced by the adjoint action, and the
contractions are defined in Clearly, the same formula as for Ag* defines a flat
connection on Cl(g).

3.2. The commutative Weil algebra. We recall the definition of the (commu-
tative) Weil algebra of g and its properties following [Meil, §6]. Let

W(g) = S(g") @ Ag".
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For € g*, let u denote generators of 1® Ag* and fi denote the generators of S(g*)®
1. For = € g, let L, be given by the adjoint action of x and let ¢, be defined as

Ly = id Ry,

where ¢, in the second factor is as in Example [3.2] Let dx denote the Koszul
differential relative to the generators p and f, that is, dx 4 = i, dx & = 0. Let dog
denote the Chevalley—Eilenberg differential given by

(9)
deg = ZL% ® fo +id®dn,

where e, is a basis of g and f, is the corresponding dual basis of g* considered as
the left multiplication operator. Then a differential on W (g) is given by

dw = dcg +2dxk .

The graded G-differential algebra W (g) is called the commutative Weil algebra of g.
We have that

(9)
dw (fi) = 2fi + da(fi) = 2fi — %ch,bfa A Jo.
a,b

If g admits a nondegenerate invariant symmetric bilinear form B, then have that
dw (p) = 200+ 2Xg(p)  for p € g". (3.5)

The Weil algebra is locally free, with connection ¥y : g* — W(g) given by p+— p
for pu € g*. The commutative Weil algebra is universal among (super)commutative
g-differential algebras: for any commutative (graded, filtered) g-differential alge-
bra A with connection 4, there is a unique morphism of (graded, filtered) g-
differential algebras c4: W(g) — A such that ¢4 o 9y = 9 4. The homomorphism
ca is called characteristic homomorphism. As it was noticed in Example[3:2] the ex-
terior algebra Ag* is (super)commutative and locally free. Let maqg-: W(g) — Ag*
denote the corresponding characteristic homomorphism. On the generators p and
1 it is given by

Tage(B) =p,  Tag-(11) = 0.

The Weil algebra W (g) and its g-invariant part W (g)? are acyclic differential
algebras; for example, see [Mei, Proposition 6.9 on p. 149]. Therefore, we can
define the transgression map in the Weil algebra W (g) as follows. Since dy van-
ishes on W(g)g—bas = S(g*)?, any element p € ST (g*)? is a cocycle, hence is
a coboundary. A cochain of transgression for p € ST(g*)? is an odd element
Cp € W(g)? such that dw(C,) = p. For p € ST(g*)? the transgression of p is
defined by tag«(p) = mag+(Cp).

Theorem 3.6 (Transgression theorem). Let g be a complex reductive Lie algebra.
Then

(a) For p € ST(g*)? the transgression map is independent of the choice of
cochain.
(b) The transgression map tag~ satisfies

kertag = (S*(g")%)2,  imtrg- = Pa(g).
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The construction of the transgression map is due to H. Cartan’s article [Carl].
The transgression theorem was also explicitly stated by Chevalley in [Che]; see
also [Ler].

3.3. The noncommutative Weil algebra. For a Z-graded vector space F =
@D, E* and n € Z define a graded space with a degree shift E[n] so that (E[n])k =
E™F_ In other words, if z € E is of degree k, then its degree in E[n] is k —n. In
particular, if E is just a vector space we consider it as graded in degree 0, so E[n]
is the same space viewed in degree n € Z.

Following [AM3], define the noncommutative Weil algebra of g as the tensor

algebra

W(g) = T(g"[-2] @ g"[-1)).
For p € g* denote by p the corresponding element of g*[—1] and by f the cor-
responding element of g*[—2]. The algebra W(g) has a natural Z-grading, with
generators p being of degree 1 and generators i1 of degree 2. In particular, we can
view W(g) as a Z-graded superalgebra.

The algebra W(g) has a natural structure of a graded g-differential algebra de-
fined as follows; note that by the universal property of the tensor algebra we can
define algebra homomorphisms or derivations freely on the generators y and fi.

The differential of 1 (g) is the degree 1 derivation dy defined on generators by

dW n= [ dW n=0. (3.7)

Contraction by an element x € g is the odd derivation defined on generators by

Laft = (T, p); Lot =adgp. (3.8)
The Lie derivatives L, for x € g are the even derivations defined on generators by
L,p = ad} u; L.p=ad; i=ad} p. (3.9)

The g-differential algebra W(g) is locally free, with connection ;1 g* — W(g)
given by
V() =pm,  peg. (3.10)
Let e; be a basis of g and f; be the corresponding dual basis of g* & g*[—1]. Since
V5 is the identity map from g* to g* = g*[—1] C W(g), it can be written as

(9)
19W:Zfi®eieW®g

K3

under the identification Hom(g*, W (g)) = W(g) ® g.
The curvature F'w = Zgg)(Fﬂ)i ®e; € W(g)® g of the connection V5 s given
by
(9)

A 1 . _
LAY 4 — f. )
(F ) *dwfl‘i’i Eb Ca,bfa(g)fb*fz 75(.][‘2)

where sz,b = B([ea, s, fi) are the structure constants of g corresponding to the

basis e;, i.e.,
_ i
eas €] = ) chpeis
i



CLIFFORD ALGEBRA ANALOGUE OF THE CARTAN THEOREM 13

and ¢ : g*[-1] — W(g) is the linear map defined by

1 (9)
0(fi) = =5 D apfa ® fi- (3.11)
a,b

It is easy to see that (F?)! € W(g)g,hor. The map 0 is analogous to d, and satisfies
(partial) Cartan calculus, see Lemma below. It also satisfies

Lrtyd(p) = (i, [2,9]),  peg 1], z,y€g, (3.12)
i.e., it is dual to the Lie bracket of g.
We define the hat variables, or curvature variables, by

fi= (FY) = fi = 8(f:).
Note that ﬁ € WQ(g)g_hor.

Lemma 3.13. Let W’ be the tensor algebra of the vector space spanned by all [

for p € g* and define f: W' — W(g) by f(p) =p, f(R) = —0(p). Then f is an
algebra isomorphism.

Proof. By the universal property of tensor algebra f is an algebra morphism. It
is obviously injective. We can construct the inverse homomorphism by putting
Y w) = p, f~1(1) = i+ d(u) and extending to W (g) by the universal property.

O

Therefore, p and i form another set of generators of W(g) The main advantage
of this change of generators is that

Lot = {p, x), Lzt =0, forzxeg.
We set 5(ﬁ) =0, and extend J to a degree 1 derivation of W(g)
Consider a Z2-grading on W (g)

W(g) = @ W"(q) (3.14)

1,7ENg
given by deg() = (1,0) and deg(p) = (0, 1), then
dgy: Wh(g) — WiHLI—L(g) @ Whit(g). (3.15)

Let W+70(g) denote the augmentation ideal in the subalgebra W”O(g) of W(g)
generated by [i.

The follo/\y/ing lemma shows that J, ¢, and L, define an analogue of Cartan’s
calculus on W%*(g). It will be useful in proving the main result of this subsection,
Theorem but it can also serve as motivation for our definition of 4.

Lemma 3.16. For z € g we have that on Wo*(g)
[6,L,] =0, [6,t0] = Ly, 1202 = 0.
Proof. 1) Since for p € g* the element 6(x) is an anti-symmetric tensor and the
action of g preserves anti-symmetric tensors, it is enough show that ¢, 0t,0L,08(p) =
tzotyodolL,(u) for z,y,z € g. We have
Loty oL, od(p) =1z0(Lzoty—tpy)od(p
=(L.0tz 0ty —L[z2) Oly — Lz OL[zy)) 0 6(1)

=L,ouz0ty06(p) — Uz,a] O Ly © 6(u) =tz o Uzy) © 6(p)-
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Since ¢, 0ty 0 0(p) € C, the first term is zero, and using (3.12) we get

= = </J’7 [[2733]’31] + [xv [Z,y]D = _<M7 [Z7 [x,y]])
=(L.p,[z,y]) =tz 0oty0doL, (1)

2) Let e, € g and f; € g* be dual bases. We have

1 . )
[ter, 8)(fi) = te, D) ZCZ,bfa @fp | =— ZCZ,afa = Le, fi-
a,b a
The last equality follows from

<Lekfi?e7'> = _<fi7 [ekaeTD = _Z<fivcli,r€j> = _cz,r = - <Zcz,afaver> .

The claim follows.

3) We have
1262 (1) = (Ly — 60 1y) 0 ()
— Lo o 6(1) — 60 (Ly — 50 1,) (1)
= Lo o(u) — Ly o 6(u) = 0.
Which concludes the proof. ([

As shown in [AM3] §3.3], the noncommutative Weil algebra has the following
universal property. Given a (graded, filtered) g-differential algebra A with a con-
nection ¥4 (such A is called locally free), there is a unique morphism of (graded,
filtered) g-differential algebras

Fa: W(g) = A, such that a0 =va (3.17)

The morphism 7 4 is called the characteristic homomorphism.
Explicitly, if 94 = ZZ(-Q) Iy ®e; € A® g, then

(9)
~ i ~ (7 ~ i ~ i 1 i ga
malfi) =V, Talfi) =7Taldy fi) = dada, Talfi) =dadat >l 40
a,b

(3.18)

We will be especially interested in the case when the connection ¥4 of the g-

differential algebra A is flat, i.e., its curvature F”4 defined by vanishes. Then

the corresponding characteristic homomorphism 7 4 : W(g) — A has the following
properties:

Lemma 3.19. Let A be a locally free algebra with a flat connection and 7 4: W(g) —
A be the corresponding characteristic homomorphism. Then

(a) Ta(p) =0 for peg”,

(b) Ta(b) =0 forb € kerdg,

(c) T408%=0.
Proof. @ Follows from the definition of i as curvature components and the fact

that the connection on A is flat. Namely, since 74 is the characteristic homo-
morphism, it is a morphism of g-differential algebras that agrees with connections:
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%A(ﬁ%) = ¥%. Hence, the curvature of the connection on W(g) maps to the
curvature of the connection on A:

~ Ay ~ ) 1 0 a
7T_A((F19W) )=Ta dW§W+§ E Ca_’bﬁw ®199W/
a,b

~ (90 1 i~ (ga \~
= da(@a(¥3)) + §an,b7u(19w)7u(19$~v)
a,b

i 1 i a ;
= dgq ¥y + 52;%,1;79,419?4 = (F"4)".

@j From (3.15) it is easy to see that ker dg: OWO’JF(Q) = {0}.
(c) First note that

0=ma(R) =7a(i—0(p) =7aldy p— (1) = daoma(p) —Taod(p).
Therefore
Ta00%(1) =daofaod(p) =d%oma(u) =0,
This completes the proof. O

We would like to define a transgression map for W(g) in a similar manner as we
did for the commutative Weil algebra W (g) in Subsection [3.2| (see Theorem (3.6 and
the text above it.) We would however like this map to have values in an arbitrary
g-differential algebra A with a flat connection. It turns out we can not define such
a map on all of W9(g)® := T+ (g[-2])? ® 1 C W(g), but on a certain subspace
that we call the transgression space, defined below.

To define the transgression space, we first recall the symmetrization map

symy, : W(g) — W (g)

described in [Mei, Proposition 6.13]. This map is obtained by symmetrizing the
(even) variables i and skew-symmetrizing the (odd) variables p. Explicitly, symy,
is the linear map defined on monomials v; . .. vy in W (g) such that each of vy, ..., v
is either some p or some f, by

1 v v
symyy (01 ... 0k) = o > (DN g (0, 1) - Vg 1)

: oESk

where Sy, is the symmetric group, and N, (v1,...,v;) is the number of pairs i < j
such that v;, v; are odd elements and o~ *(i) > o~ (j).

It is proved in [Mei, Proposition 6.13] that symy, is an isomorphism of g-
differential spaces. (It is not an algebra homomorphism, but it is an algebra mor-
phism up to homotopy; see [AM3].) From this and the above definition, it is clear
that

symy, (fi) = fi, symy, (dw f;) = dg fi = fi,
symyy (da(fi)) = 6(fi).
symy, (fi) = %Symw(dw fi—da(fi)) = %(dw fi—0d(f:) =

for the last row, see (3.5)).

1/\-

§fla
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If p € S(g*)? € W(g), then dy p = 0, hence dg(symy,(p)) = 0. Moreover,
since W(g) is acyclic, we also have that symy,(p) € imdy; if p € ST(g*)?. This
motivates the following definition.

Definition 3.20. The transgression space for W(g) is
(o) = {symy(p) € WH(9)® | p € S*(g")°} C imdy .

We note that %(g) is a graded subspace of W(g), and that by the above remarks,
it is contained in im dg;.

We now define the transgression map for the non-commutative Weil algebra as
follows.
Definition 3.21. Let A be a locally free g-differential algebra with a flat connec-
tion. The (universal) transgression map of W(g) with values in A? is the linear
map ta: T(g) — A® defined by

ta(p) = 7a(Cy),
where C,, € W (g)® is such that dy C, = p. (Any such G, is called a cochain of
transgression for p. It always exists, since %(g) C imdg;.)
Lemma 3.22. The transgression map t4 is well-defined.

Proof. Assume p = dg; C' = d; €. Then d(C — C') = 0, so (C' — C”) € kerdg;.
Thus 74(C — C’) = 0 by Lemma [3.19|(b). Therefore, the transgression map does
not depend on a choice of cochain of transgression. O

Let ®: W(g) — W(g) be the g-equivariant algebra map defined on generators
by

O(u)=p D) = d(n). (3.23)
Define the g-equivariant algebra homomorphism
Dy i=F40®: W(g) = A (3.24)

Furthermore, let tz, x € g be the derivation of W(g) of degree -2 defined on gener-
ators by
w(n) =0, (i) = (z,u). (3.25)

The main result of this subsection is the following theorem; it is a generalisation of
Theorem 73 in [Kos2|, and its proof is a generalisation of [Mei, Proposition 6.19 on
p. 160].

This result will be used in Subsection {4] to get an analogous relative version,
which will in turn be essential for the proof of our main result, Theorem (1.1

Theorem 3.26. Ifz € g and p € T™+1(g), then

Lota(p) = E;nn?)! - O 4(tzp)-

Proof. The first step is to rewrite the map t4 more explicitly, using a homotopy
map which will send any p € ¥(g) to a cochain of transgression for p.

To define this homotopy map, we consider C[t,dt], the graded commutative
differential algebra with an even generator ¢ of degree 0 and an odd generator dt of
degree 1, and with a single relation (d¢)? = 0. The differential on C[t, dt] is defined
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by d(t) = dt, d(dt) = 0. One can think of CJt, dt] as an algebraic counterpart to
differential forms on the unit interval.
Define an “integration operator” J: Clt,dt] — C by

b
k l _ l
J E apt” + E bit'dt | = E 11 1 for ax, b; € C. (3.27)

k>0 >0 >0

In other words, if P and ) are polynomials in ¢, then
1
J(P + Qdt) — / Q.
0

Let e: W(g) — C be the augmentation map and i: C — W(g) be the unit map.
The standard homotopy operator h between id and ¢ o £ on W(g) is defined by

h=(J®id) o ¢y, (3.28)

where ¢, is the differential algebra morphism from W(g) to Cldt, t] ® W(g) defined
on generators by

on(p) =tp,  dn(p) = dtp+tp. (3.29)

Lemma 3.30. Let h be the homotopy map defined above, and let i respectively
be the unit and the counit map of W(g). Then

hdy +dy h=id—ioe.
Moreover, h commutes with L, for all x € g and h(p) € W(g)g.
Proof. This is analogous to the commutative case, see [Meil, Section 6.4]. ([
Lemma 3.31. Let h be the homotopy operator defined above. Then ty = 74 o h.

Proof. Note that for p € %(g) we have that i o e(p) = 0 and d;(p) = 0. Therefore,
it follows from Lemma [3.30] that

dy (h(p)) = p-
Hence we can take h(p) as a cochain of transgression for p. ([l

We now get back to the proof of Theorem [3.26 Our next task is to write the
left side of the claimed equality using Lemma Let g be the derivation of W(g)
defined on generators by

9@ =n,  g(p) =0. (3.32)
Proposition 3.33. For any p € T (g),
~ (m)?
- Mg .
ta(p) Gm+ 1] Alg(p))

Proof. Since p is in ™+ (g) C WT0(g)?, we can write it as
p22ﬁ1®~'®ﬁm+1~
It is easy to see that t4 = T4 0h = (J ®id) o (Id @7 4) o ¢p. Note that
On(fii) = ol — (M) = dtp; + ti; — @ () = dip; + i + (t — 1)@ (7)),
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using the fact that ®(f;) = §(u;), and that it is in ’Wo,z(g), so ¢p, acts on ®(fi;) by
multiplying by #2. This implies

(J®@id) o (id®74) © dn(p) =

=Y (T @id) o (d@Fa) ((dem + i + (¢ = 2)B(7)) - ..
o @t ims + i + (= )0 (ims1)) )

Applying 74 and remembering that 7.4(jz;) = 0 by Lemma we find

(J ®@id) o (id @7 4) 0 ¢ (p) =

=3 (@id) ((dtFa(m) + (¢ — )0 a(@)) - ..

o (A1) + (= )@ a(m11)) )
which has linear dt term

(J@id) Y (t—t*)"dty da(fin @ @ fli1)Fa(ps) Pa(flips @ - @ fimp1)-

The lemma follows by noting that .J (¢ — 12)™dt) = {220 . 0

Getting back to the proof of Theorem [3.26] we now see that the left side of the
claimed equality is equal to
(m!)? (mh2  _
S} = — P .
Gmi Alg(p)) G+ 1)!7TA(L:c (9(p)))

On the other hand, the right side of the equality we need to prove is %@A(@p),

so the equality to prove becomes
Ta(ta®(9(p))) = (2m + 1)@ a(zp).- (3.34)

Now we rewrite the right side of (3.34) as follows. Let n : W(g) — WN/(g) be a
derivation of degree 0 defined on generators by

n(u) =0, n(p)=6(p), peg (3.35)
We claim that for any g € W™9(g) we have
N i
vato) =7 (L) (3.36)

In particular, this will hold for ¢ = 1zp € W’”’O(g).
To prove (3.36)), we can assume ¢ = ji; ® - -+ ® [, and write

Palq) = TaA(®(H1)®: - -@P(im)) = Ta(0(p1) @ - - @6 (1)) = Ta(N(1i1)D- - -@N(fim))-

On the other hand, by Lemma 74 kills all [i;, as well as all 6%(u;) = n2(1i;)-
It follows that

m

~ (n _ R R
”A(mW®>=WAwwn®-~®nmm»
This proves (3.36)). In particular, (3.36]) for ¢ = 1zp implies that the right side of
(3.34)) is equal to

2m + 1 _ 2m + 1 _

o ram™ (wap)) = Taltzn™(p)); (3.37)

m!
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the last equality follows from the fact that t3m = ntz, which is clear since both 137
and nuz are 0 on generators p and fi.

To pass between tz and t;, we need the following lemma. Let ¢ : W(g) —
W(g) be the linear map acting by 0 on the constants, and by % on the subspace

Wi (g) C W(g) consisting of elements of degree i with respect to the hat variables
and of degree j with respect to the u variables, with i + j > 0.

Lemma 3.38. Let p=> 11 Q@ @ [Imt1 € %m“‘l(g), Then
Ta(tan™ (p) = Tt 0 g 0 p(n™ (p)))-

Assuming Lemma [3.38] we now finish the proof of Theorem [3.:26] Recall that we
need to prove (3.34), and that we have rewritten the right side of (3.34) in (3.37]).
Using Lemma (3.37) becomes

2m+1_ m

— - raltz o gopn™(p)),
which is equal to 7 4(ts © g(n™(p))) since n™(p) has bidegree (1,2m) so ¢ acts
on it by Wl—‘rl

It now suffices to prove that

g(n™ (p)) = m!®(g(p)); (3.39)

this will show that the above expression for the right side of (3.34) is equal to the
left side of (3.34]). The proof of (3.39) is straightforward, using the fact that 1 sends
the p variables to 0. This finishes the proof of Theorem |3.26| modulo Lemma |3.38

O

Proof of Lemma . By Lemma ¢) 74 annihilates the ideal Is2 of W(g)
generated by im 2. So it suffices to prove

izn™ (p) = (ta 0 g0 0)(n™(p)) € 2. (3.40)
Let dg € Der? W(g) be the Koszul differential for u and i generators defined by
Qe =7, dg(@)=0. (3.41)

Recall the derivation g of W(g) defined by (3.32]), which sends f to p and p to 0. It
is clear that the derivation [dz, g] acts as multiplication by i + j on W*J(g). The

map ¢ is the inverse of [dz, g] on /I/IV/“‘(g). Moreover, g o ¢ is a homotopy operator
for dg, i.e., if i and € are as in Lemma [3.30} then

[dr,go¢] =id—ioe. (3.42)
It is clear that
izon™(p) € WO (g), ts0g0pon™(p) € WO (g).

Since kerdp OWO""(Q) = 0, equation (3.40) (and hence the lemma) will follow if
we show that

(tz —tz0gop)(n™(p) € kerdp +1s2. (3.43)

We claim that the operator 1z — ¢, o g o ¢ preserves kerdp +1Is2.
To see this, we first show that

[df(,bgg] = —lg. (3.44)
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Indeed, if ¢ € g* and x € g, then
[dg, =) = —wdg(p) = —al = — (1, 2) = —tp,
[z, wz](B) = 0=~

so the derivations [dz, tz] and —¢, agree on generators and hence are equal. Using

-, -7 and the obvious fact [dz,t,] = 0, we get
[dg,tz —tzogopl=—ty +1z0[dg,g0 ¢
=—1,0e=0.

S0 13 — tz 0 go @ preserves kerdp. To see that 1z — ¢, 0 g o also preserves I5z, we
note that

15002=0, 1,06°=0, gogod>=0;

the first and the third equality are obvious, while the second follows from Lemma[3.16}
It now follows that ¢z, g o ¢ and ¢, all preserve Is2, hence so does 1tz — 1, 0 g o .
This finishes the proof of the claim that 1z — ¢, 0 g o ¢ preserves kerd g +1I52.

We now see that (and hence the lemma) will follow if we prove

n"(p) € kerdg +Is2 (3.45)
For this we need the following lemma.

Lemma 3.46. Set( := [n,dg] € Der? W(g) Then for X € W(g) andp € §m+1(g)
we have

(a) [naC](X) € 162)
(b) (dy —dg —O)(X) € Is2,
(c) Con®(p) € Is.

We note that ¢ is an analogue of d¢g.

Proof. For y € g* we have
C(w) = [n,dgl(p) = n() — 0= 6(n),

which implies
[0, ¢l (1) =nod(p) —¢(0) =0.
Furthermore, we have
C(m) = [, dgl(m) = 0= dg on(p) = —dg od(p), (3.47)
which implies
[, ¢](5) = mo (i) — Con(in) = —nodg od(p) — (o d(u).
We rewrite this using nodp = ¢ —dp on and 5o d(u) = 0; we obtain

Finally, since ¢ and § are both odd derivations of wo: **(g) and since they agree on the
generators 1 of W% (g), they agree on all of W% (g), which implies ¢od(y) = 62(1).
So we see that [n,(]([) = —262%(u) € Is-.
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To prove (b) we see that

(dr
(i

) f) = Fi+0(fi) — Fi = 6(f) = C(fi),
) (i) = A (fi — 8(£:) = dypr (=0(f:))
= Sl (fa) © ot eafa @ dg(f)
:f%éﬂﬂ+&h»®ﬁ+%éwwwﬁ+&ﬁn
(By @) = C(F) ~ 5ebudlfa) @ fo + 5chnda © (1)
=C(f;) = 8*(fi)-

—dz
—dz

This proves (b).
To prove (c) we use induction on k. Assume that k = 0. Since p € T+ (g) we
have that dg;(p) = dg(p) = 0. Using (b) we get that

C(p) = (¢ —dg +dg)(p) € 2.

This is the base of our induction.
Assume now that ¢ o n*(p) € I52. We have that

Con* M (p) =nolon®(p)+ [ nl(n*(p)

The first term belongs to Is2 by the induction hypothesis since 7 preserves Is2. The
second term belongs to Is> by (a). Thus ¢ o n*+1(p) is in the ideal Is-. O

Returning to the proof of Lemma [3.38] we first show
depn™(p) € Is (3.48)

by using induction on k.
We note that p € T(g) C kerdy, therefore

dz(n°(p)) =0,

thus the base case is established.
Assume now that dz(n*(p)) € kerdz 4152, then we have

dz(n* 1 (p)) = n(dz (" () — (" (p))

The first term belongs to Is2 by the induction hypothesis and the fact that n
preserves Isz. The second term belongs to Is2 by ¢). This proves (3.48]).

Note that i o (™ (p)) = 0 since ™ (p) € W12™(g). Using (3.42) we get
n"(p) = dgogoe(n™(p)) +go e(dgz (™ (p))-

The first term belongs to kerdp. Since g and ¢ preserve Is2, the second term
belongs to I52. Hence n™(p) € kerdg +Is2, thus proving (3.45)) and Lemmam
|
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3.4. The quantum Weil algebra. Suppose now g admits a nondegenerate in-
variant symmetric bilinear form B, so we can identify g* = g. Recall from Exam-
ple that Cl(g) is a g-differential algebra with the flat connection ¥¢(4) given

by Jaig) (1) = p. Let Tey(g): W(g) — Cl(g) be the corresponding characteristic
homomorphism. For p € g* we get that
Teg) (1) = Tai(g) © Vi (1) = e (1) = p

and it follows from Lemma [3.19| that 7c(g) (1) = 0.

Define the quantum Weil algebra as

W(g) = U(g) @ Cl(g),

and let e; denote generators of U(g) ® 1 and e; denote generators of 1 ® Cl(g).
Consider the cubic Dirac element [Goel [Kos3]

(9)
D= Za‘fi +4q(¢) € W(g),

where ¢ is the Cartan 3-tensor defined by and we consider f; € g* as elements
of g via identification g* = g by B.

The quantum Weil algebra W(g) is a filtered g-differential algebra with the
differential given by dyy = [D, —], the Lie derivatives induced by the adjoint action
and the contractions by = € g are defined by ¢, = id ®¢,. The filtration is induced
by the usual filtrations on U(g) and on Cl(g): dege; = 2, dege; = 1. We have that

o 1= 27+ 201g 1), (3.9
recalling oy is defined in Equation

Remark 3.50. Let us compare the explicit formulas for differentials in W(g), W(g),
and W(g). For u € g* we have

in W(g): Ay (1) = i+ 0(p),
in W(g): dw
in W(g): dy () = 21 + 20 (1)

The factor 2 that appears when we pass to W(g) and W(g) is related to the Poisson
structure on W (g), see the discussion in [Meil §7].

One can define ¢,y : W(g) — Cl(g) as the projection along U*(g) ® 1, where
UT(g) is the augmentation ideal of U(g). This projection is a g-differential alge-
bra morphism. From [Mei, Section 7.3] we have an isomorphism of g-differential
spaces qw : W(g) — W(g) such that

Ti(g) © AW = 4 © Ta(g); (3.51)

and its restriction to S(g) C W(g), generated by e;, is the Duflo map S(g) —
U(g), see [Duf]. Since gy is an isomorphism of g-differential space we have that
H(W(g)) = C.

Using 7r¢y(g) We can define another transgression, to,): for 2 € U*(g)? denote
by C € W(g)? a cochain of transgression for z, i.e., dyy C;; = . Such a cochain of
transgression for x exists since there is a cochain of transgression for qﬁ} (). Then
the transgression of z is given by tc(4) () = Tcy(g)(Cr). Note that te ) depends
only on the differential on W(g) and the map m¢(4) but not on a choice of a cochain.
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Namely, suppose C, and C!, are two cochains of transgression for z, then q‘},l(C'x)
and gy’ (C%) are cochains of transgression for y := g¢;;/ (¥) € W(g). Since the
transgression map t(g) does not depend on a choice of a cochain (Theorem ,
we have that 7g(g;;' (Ci — C%)) = 0. Thus we conclude that

Tan(g)(Ce — Cf) = gomag 0 gy (Ca — C1) = 0,
which shows that tc(4) is independent of the choice of cochain hence well-defined.
Lemma 3.52. For p € ST (g*)?, we have that q ot g)(p) = teig) (aw (p))-

Proof. Since gw intertwines the differentials we have: if C), is a cochain of trans-
gression for p, then gy (C,) is a cochain of transgression for gw (p) € U™ (g)?. The
claim now follows from (3.51)). d

Corollary 3.53. We have that q(Px(g)) = imtey(q)-

Proof. Recall from Theorem @ that P,(g) is equal to imt, g, hence the Corol-
lary follows from Lemma g0 tag(p) = toyg) (aw (p))- O

The quantum Weil algebra WW(g) also has a connection given by 9w (u) = p, but
this connection is not flat. By the universal property of the noncommutative Weil
algebra W (g) there exists a unique g-differential algebra morphism, the characteris-
tic homomorphism, ¢ : W (g) — W(g) such that cody; = Yyy. Before we calculate ¢
on generators let us remark the following. Identifying g* and g via bilinear form B,
for f; € g* = g, we have

<Lfieaaeb> = _<Leafi7€b> = <fm [ea7eb]> = sz,ba

s0 Lf,eq = Y, ¢, fp and

1 1 i 1 i
ag(fi) = ZZLfiea “fa= 1 an,bfb “fo = v Zcb,afb “fa- (3.54)
a a,b a,b

Recalling dw (1) = 2ft + 24 (1) we get

c(fi) = cW(fi) = Iwl(fi) = fis

n 1 i 1 i
cfi)=c dei+§an,bfa®fb :dei+§Zbca,bfa‘fb

a,b
= dw fi — 2ag(fi) = 2(fi + ay(f:)) — 204(f;) = 2.
Lemma 3.55. We have that ®¢(g) (AW/’VO(g)) = ay(U(g)).

Proof. Since both ®¢y(4) and g are algebra morphisms and the map c is surjec-
tive, it suffices to show that ®c(4) () and ag(c(fi)) are equal for p € g*. Take a
generator f; as before, we have

~

_ _ 1 1
D) (fi) = Teug) (0(fi)) = Teug) —520(@ fa® fo ] = —cha’b fa fo-
a,b a,b
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From (3.54) we get that
~ ~ 1 ; ~
age(Fi) = aa(2f) = =3 3 cha fo fo = i) (Fi).
a,b
This proves the claim. O

Lemma 3.56. Forp € S™*1(g*)?, we have?m(g)(symw(p)) = toy(g) (c(syme (p)))-

Proof. For p € S*(g*)? denote p := symgy;(p) € T(g), then p:=c(p) e UT(g)9. If
we denote by Cj a cochain of transgression for p, we claim that ¢(Cjy) is a cochain
of transgression for p. Indeed, since ¢ intertwines the differentials we have

dyw 0¢(Cp) = cod(Cp) = c(p) = p.
Furthermore, we have 7¢(q) = Tei(g) © G this can be checked on generators:
7~T01(g)(u) = K Tci(g) © c(p) = Ecm;)(#) =K
Tai(g) (1) = 0, Tcig) © (1) = Ty (212) = 0.
Finally, we get that
101(9)(Q(Symw(p))> = Ecug)(cg) = Tci(g) o ¢(Cp) = Tc(g) (Cp) :YCI(Q)(SymW(p))'

This proves the claim. (|

Lemma shows that the transgression map in W(g) factors through W(g)
and the diagram
SH(g")® = T(g)
qwoB! toicg)
Ulg)® —> Clg)e
commutes. (Here B* is the isomorphism of g* and g induced by B.)
Theorem 3.57. Forz € g, p € Ut (g)? we have that 1,15 (p) € im ay.

Proof. By Theorem 7.2 on p. 174 in [Mei] the map qw: W(g) — W(g) factors
thought the noncommutative Weil algebra:

Symyy,

W(g) =% W(g) —— W(g).

Since the restriction of gy on S(g) is the Duflo map, the same is true for cosymy,,.
The restriction of the Dulfo map to S(g)? defines an algebra isomorphism S(g)% —
U(g)?, see [Duf], the same holds for g = cosymy,: S(g)? — U(g)®. Therefore,
it follows from Lemma that imtey ) = im?m(g). Furthermore, Theorem

shows that Lx(imﬂ;l(g)) C Py (W'vo(g)) hence

Lo (imteyq)) C Pei(g) (W°’0(9)) ~

The corollary now follows by applying the result ®c(g) (W"o(g)) = imag of
Lemma [3.55|). [
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4. TRANSGRESSIONS IN RELATIVE WEIL ALGEBRAS

The results of this section will allow us to extend Kostant’s results [Kos2| about
the structure of Cl(g)® to the relative case of Cl(p)¥X. Analogous to the “absolute”
case, the transgression maps in various relative Weil algebras all factor through the
relative noncommutative Weil algebra.

4.1. Relative noncommutative Weil algebra. Let (g,£) be a symmetric pair
of complex Lie algebras and K be a compact Lie group such that

(a) Lie(K) =8,
(b) the adjoint action of K on ¢ extends to an action on g which preserves B,
so p is a K-submodule.

In particular, we are interested in the following cases (g, &, K): (s[(2n+1),0(2n+
1),50(2n + 1)), (sl(2n),0(2n),0(2n)), (sl(2n),sp(2n), Sp(2n)), (¢(6),§(4), F'(4)),
where F'(4) is the compact connected simply connected group of type f(4).

Let G be a compact connected Lie group and K be its symmetric subgroup,
then (Lie(G),Lie(K), K) is an example of such a triple. The only example that we
consider which is not of this kind is (sl(2n), 0(2n), O(2n)).

For such a triple W(g) is a K-differential algebra. Define the noncommutative
relative Weil algebra W (g, K) to be the K-basic subalgebra of W (g).

In what follows we denote the derivation § in W (g) by dg. Since [€,p] C p, for
any p € €* the element dy(u) € W02(g) given by decomposes as

Og(p) = de(p) + 0p(n),

where 0¢(1) € T2(€*[—1]) € WO2(£) € WO2(g) and 6, (1) € T2(p*[—1]) € WO2(g).
It is easy to see that this decomposition of d,4(p) is K-equivariant. Explicitly, for
the basis vector f; € ¢
1 ()
6p(fi) = _ch;,bfa(@fzp (4.1)
a,b

We denote by Resfc,l the restriction of linear functionals from g to p. For u € g* we
set

By(n) = Restpi,  Dy() = {gp“‘) e
and extend it to an algebra morphism ®,: W( ) — W( ). Clearly, ®, = Resj o®,
where the algebra morphism ®: W (g) — W (g) is defined by (3.23). Moreover, o,
is K-equivariant and preserves the €-horizontal subspace of W( ) hence ®, pre-
serves W (g, K). In what follows we restrict ®, to an algebra morphism ,,: W(g, K)
W (g, K). -
Note that W(g) is a locally free K-differential algebra with connection given

by p+— p for p € €. Let j: W(E) — W( ) denote the corresponding characteristic
homomorphism of K-differential algebras. For u € £ we have

iw) =,
J() = j(dgr () — Oe(p)) = dyzr (1) — Se(p) = i + g (1) — Se(p) = i+ G ().
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Note that p and 7@ denote elements of both W(E) and W(g); likewise dg; denotes
the differential of both algebras.

We identify g* = £* @ p* in the usual way, and denote u = u¢ + pp accordingly.
Define the projection pry : W(g) — W (E) to be the algebra morphism given on
the generators by pry(u) = pe, pre(ii) = He. Then pr, is a K-differential algebra
morphism which satisfies

pre(fi) = pre(fie + fip) = Pre(fre — 6g(pe) + 1 — Ig(pp)) = e — Ge(pe) = fie,
L.e., pry takes 7i € W(g) to fix € W (E).
Let 11,v9 : E — E' be morphisms of K-differential spaces (E,d) and (E’,d").

A K-homotopy between 1 and 15 is a morphism of K-differential spaces ¢ : £ —
C[t,dt] ® E' such that

1 = (ev(0) ®id) otp, 1y = (ev(1) ® id) o 1),
where ev(a): C[t,dt] — C is defined by ev(a)(P + Qdt) = P(a). If such a ¢
exists, we say that ¢, and 9 are K-homotopic. Similarly, a K-homotopy operator
between 11 and s is a morphism of super spaces h : E[1] — E’ such that

hoty +t,0h=0, Vr € ¢,
hod+d oh =1y — .

The maps 7 and ¥y are K-homotopic if and only there exists a K-homotopy
operator between them. We need the second part of this statement; assume there
is a K-homotopy ¥ between 1; and 19, then h := (J®id) ot defines a K-homotopy
operator between 11 and 1. Here J is the same “integration operator” as in |3.27]

We will say that K-differential space morphisms ¢ : E — E’ and ¢ : £/ — E are
K-homotopy inverses if 1) o ¢ is homotopic to idg and ¢ o ¢ is homotopic to idg.
If a K-differential space morphism admits a K-homotopy inverse it is called a K-
homotopy equivalence.

Lemma 4.2. Let pry : W(g) — ﬁ//({’) be as above. Then pry is a K-homotopy
equivalence, with inverse j. In more detail, pr,oj = idw( while a K-homotopy
between j o pr, and idW(g) is given by

€)’

Yrei: W(g) = Clt,dt] @ W(g),  tra(n) =1 —-1)@p+t@jopre(pn), peg,
extended as a morphism of differential algebras using the universal property ofW(g),

Proof. Obviously we have pr,oj = idW(e)' Furthermore, it is clear that

idgy ) = (@v(0) @id) 0 threr,  j 0 pry = (ev(1) @id) 0 e
so it suffices to show that e is a K-differential algebra morphism. Note first
that pr is a morphism of K-differential algebras, as is j, so jopr, is a K-differential
algebra morphism. To see that ¢ is a K-differential algebra morphism, we first
describe it on generators. For this, let us introduce a differential dg on C[t,dt] ®

W(g) by dg(t) = dt, dg(dt) =0, dg(x) = fi. Now we have
Vrel(p) = (L —t) @ pu+t@jopry(p) =1@p—t® py
and

'djrel(ﬂ) = wrel(du) = d®('¢rel(u)) = d®(1 Qu—1® Mp)
=1Qa—dt® pp —t Qp.
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Since ¥ye) is an algebra morphism, it is enough to check the conditions on generators.
Take x € £ and p € g* and note that

L,t= L,dt =0, Let = tpdt = 0.
So we get

tera(p) = (1@ p —t® ,up) =1Qup+tQppy =1 R tzp = Yrel(Lapt),
Larel(B) = (1@ L —dt @ py —t Q1) = 1 ® Lofi — t ® Lofip
=1® qu —t® La:,up = 'L/)rel(Lw,u) = wrel(ba:ﬂ)-

It now follows from Cartan’s magic formula that 1, commutes also with Lie deriva-
tives, which proves the claim. (I

We denote the K-homotopy operator between idy; and j o pry corresponding
to wrel by
Rpel = (J X ld) o ’l/)rcl. (43)

Remark 4.4. For p € ker dy; OW(& K) such that pry(p) = 0 we have
df/f/’ Ohrel(p) + hrel o dW(p) =p _j o pré(p)a i'e'u dW(hr61(p)) =D

Since h.el(p) € WN/(g,K), we get that p € dW(W(g,K)). We use the K-homotopy
operator hyel below to obtain an analogue of Lemma for the transgression map
in W (g, K') which will be defined below.

Lemma 4.5. For p € € we have
Yrel(f)) = 1@ i+ (2t — 2) ® 6y (1)
and for p € p* we have

Yrel(f) = (1 —) @i — dt @ p.
Proof. To calculate e () we need ¥rei(dg(1t)). Assume that our basis f; of g* is
split into £* and p*, meaning that every element belongs to exactly one of them.
1 (0) 1 (0)
Uret(0(f:)) = trel(=5 Y Canfa ® o) = =5 D captbrar(fa) @ wrer(fi)

a,b a,b
1 (9) ‘
= 5> (18 fa—t@ (fu)p) - (1© fy —t® (f)y)

a,b
(9)

= _%Zcflb (1®fa®fb _t®fa®(fb)rl _t®(fa))3 ®fb+t2®(fa))3 ®(fb)P)
a,b

L (@ e ® @ PENCE
:1®5g(fi)+§® ;;c;bfa®fb+;;Cbea®fb *§®ZbCbea®fb-

If f; € £, then both sums are over basis of p* because ¢, = 0 if f, € &, f, € p* or
the other way around. Also, Z(p) cpfa ® fr=—28,(f;) so we get

a,b

Ure1(8g(fi)) = 1 ® 8g(fi) — 2t @ 8p(fi) +t* @ Sp(fs).-
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On the other hand, if fi € p*, then
(9) () (® () (»)

Z Z cabfa®fb+2 Z Chpfa®fo = Z Z cabfa®fb+2 Z chyfa®fo = —204(fi),

and the last summand in the expression above vanishes because ¢, = 0if fi, fa, fo €
p*. (Here we are using that £ is symmetric in g.) We obtain ¢ (d4(fi)) = (1—1) ®

dg(fi)-

To summarize, if p € £, then

raa(1) = 1 (i — 0 (11)) + 2t @ Sy (1) — 2 @ 8y (1) = 1 @ i+ (21 — 12) @ 6y ()
and if p € p*, then

Yra() =1@a—dt@pu—t@pa—(1-1t)@dg(u) =(1—t)@pu—dt® p.

Which concludes the proof. O
4.2. Transgression in the noncommutative relative Weil algebra. Let A be
a flat locally free g-differential algebra such that the action of ¢ C g integrates to
an action of K. It follows that A is a K-differential algebra compatible with the
g-differential algebra structure. Set B = Ak _pas, the K-basic subalgebra of A, and
let Ag_nor be the K-horizontal subalgebra of A; see Subsection Define the
algebra homomorphisms

q)}}‘or = 77'.,4 o @p: W(g) — AK—hor~ (4.6)

It is easy to see that QP(W(Q)) C W(8)K—hor, SO T4 0 @p(W(g)) C Ag_nor- Let
75: W(g, K) — B be the restriction of 74 to K-basic subalgebras. Note that 7z
is a morphism of differential algebras.

Analogously to the W( ) case, we define the relative transgression space of V[/(g7 K)
by

T(g. K) = {symy (p) € WH(g,K) | p € §*(5) such that pry(symy (p)) = 0}

Since symy, is a morphism of g-differential spaces, ‘f(g7 K) C kerdg;. It follows

form the discussion in Remarkthat for every p € T(g7 K) there is a Ce W(g, K)
such that dy; C= p. We call such C a relative cochain of transgression for p.

Remark 4.7. In principal, one can define a bigger transgression space as W+’0(g, K)n
im dg: (W (g, K)). However, T(g, K) is sufficient for our purposes.

Definition 4.8. The relative transgression map in W(g, K) with values in B is
I:il'j’ : %(g, ) — B

defined by sending p € T(g, K) to t5(p) = WB(C ), where C~ is a relative cochain
of transgression for p.

Lemma 4.9. The relative transgression map in W(g,K) is well-defined and can
be expressed as tyg = Tp5 © hyel.

Proof. Let p € ‘E(g, K). Suppose C,C’ are relative cochains of transgression for p.
Then dg(C — C') = 0, hence (C — C') € kerdygz;. Thus by Lemma 3.19b| 75(C' —
C") = m4(C — C") = 0. This proves that the relative transgression map is well-
defined.
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Using Remark for p € T(g, K) we get that di (hear(p)) = p and hra(p) €
W (g, K) is a relative cochain of transgression for p. O
Proposition 4.10. Let p € S (g, K), then

(p) = ~ g O )

Ezxplicitly, let
p :p, +Zﬁi1 Q- ®ﬁik—1 ®§ik ®ﬁik+1 & ®ﬁim+l € Terl(gvK)

such that p;, € €, &, € p* and p’ does not contain any monomials of this form.
Then
4™ . (m!)?

@m+1)y D O (i, @ @i, ) OT 4(Gi) R (i, @+ Ol )-

Proof. By Lemma and the definition (4.3]) of hye1, on %(g, K) we have
t3 =780 el = 7p 0 (J @id) © trel.

EB(Z?) = -

Note that 74 o A is a well-defined map on W(g) which restricts to 75 o hrel
on ,W(g, K). Therefore we can work with monomials fiy ® - -+ ® fipi1 € W™H10(g)
even though they are not in the relative transgression space %(g7 K). Let us see
which monomials /17 ® -+ ® fiy41 € W"’“’O(g) will not get annihilated by the
map T4 o hy. Note that T4 will annihilate @ and J ® id will send it to itself.
Writing each ¢.01(f;) as in Lemma we see that

(a) for u; € & we only care about the part (2t — %) ® 0y (ui);

(b) for u; € p* we only care about the part —dt ® p;.

Furthermore, if a monomial i3 ® -+ ® [iymy1 is such that two or more p;s lie
in p*, then already v will annihilate it because (dt)? = 0 and if there are no such
factors (meaning all u; € €*) then J ® id will annihilate it, informally speaking
there would be nothing to integrate over. In conclusion, the only monomials that
survive the map 7 4 0 hre1 are of the form fi; ® - ® [1; ® - - - ® [Im41, Where exactly
one p; is in p* and every other y; is in £*. For such a monomial, recalling that
T4 00, (1i;) = P (), we have

%threl(ﬁl®"'®ﬁj®"'®/§m+l) =
—(J® id)(((2t — )@ BN (111)) @ ® (—dt @ Ta(py)) ® -
e (2t-t*)® @%r(umﬂ)))

= [t e @) o @A) 80 P )
_4m S(m)? o
@m+1! A
Now note that p € T+ (g, K) can be written as
p=p Y i, @ @i, @&, @i, @@ i,

so that p;; € € and &, € p* and p’ has no summands of this form, meaning that

(1) ® - @ Ta(py) @ -+ @ L (pimt1)-

each summand in p’ contains at least 2 factors E, for &€ € p*, so Tgohw(p’) =0. O
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Corollary 4.11. For all p € T (g, K) we have that
t(apyx (P) = —4™ Res§ otag- (P), teipx () = —4™q o Res§ og™ " o'tey(g) (D)-

Proof. For A= Mg or A= Cl(g) and p € T+ (g, K) C T™+!(g), using Proposi-
tion we have

9ot (m!)? g
Resj ota(P) = 5,y Resh 00 9(P)
(Since Resp o4 = 74 © Resy)
mh?
= Gy R @D

(Using that ®°" = 74 0 @, = T4 0 Res 0®.)

(m')Q hor

= Gmy oA o)
(Using Proposition [4.10})
1~
= - 1
()
‘Which proves the claim. O

Proposition 4.12. Let A = Ag* or A = Cl(g), so B = (AP, respectively
B=Cl(p)X. Forxz €p and p € T (g, K) we have

T 4m(m|)2 hor
totp(p) = _W(I)A (tzp)
Proof. By Theorem for p € Tm+1(g, K) and z € p we have
~ m!)?
2t = (0] 7P).
Lata(p) om)] A(tzp)

Now, using Corollary and noting that the maps ¢, € p commute with Res]
on A, we have

L2tB(p) = Lo (—4" Res] ot4(p)) = —4"™ Resf o1, o ta(p)

= —4™ Resg <E;L72)!®A(L5p)> = —m@}fr(@p).

Which proves the claim. O

4.3. Transgression in the commutative relative Weil algebra. Define the
relative commutative Weil algebra

W (g, K) = W(g)k—bas = (S(g%) ® Ap*)" .

The relative transgression space in W (g, K) is
(g, K) = {p e WH(g,K) | 3C, € W(g, K) :p=dw Cy }.

For p € (g, K) an element C), as above is called a relative cochain of transgression
for p.
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Let A be a commutative g-differential algebra with a flat connection and set
B = Ak _pas (below we will specialise to the case A = Ag*). Then the relative
transgression map tp: T(g, K) — B for commutative Weil algebra (also considered
in [Gri]) is defined as follows.

Definition 4.13. For p € (g, K) let C € W(g, K) be a relative cochain of trans-
gression for = p. The linear map tz: (g, K) — B defined by tg(p) = wg(C) is
called the relative transgression map in W(g, K) with values in B.

Similar arguments to the proof of Lemma[4.9)show that the relative transgression
map tg in W (g, K) does not depend on the choice of relative cochain of transgression
and, hence, is well-defined.

Lemma 4.14. For p € T(g, K) we have that
tape)x (p) = —4™ Resf,’ thg~ (p)

Proof. Let C, € W(g) be a cochain of transgression for p, then symy, (C,) € W(g)
is a cochain of transgression for symy, (p).

Thg* (p) = ¥Ag* (Sym(p)).

In a similar manner, one can show that

tinpe)x (D) = tape)x (sym(p)).
The claim of the Lemma now follows from Corollary O

4.4. Transgression in the relative quantum Weil algebra. Define the relative
quantum Weil algebra by
W(g, K) = W(8)x—bas = (U(g) @ Cl(p))~.

From [Mei, §7.4] we have that H(W (g, K)) ~ S(£)X and HW(g, K)) ~ S(&)¥.
The relative transgression space in W(g, K) by

(o, K) = {pe WH(g,K) | 3C, € W(5, K) :p = dwC, } .

For p € (g, K) an element C,, as above is called a relative cochain of transgression
for p. -

Note that since qy : W(g) — W(g) is a morphism of g-differential spaces, it can
be restricted to K-basic subalgebras. The restriction gy : W(g, K) — W(g, K) is
a morphism of differential spaces. Therefore, we have that

(9, K) = qw (%(g, K)). (4.15)

Definition 4.16. For p € T(g, K) let C € W(g, K) be a corresponding relative

cochain of transgression such that dyy C = p. The linear map tcy )« (p): (g, K) —

Cl(p)¥ defined by taip)x (P) = Ty« (C)) is called the relative transgression map
in W(g, K).

The relative transgression map in W(g, K) is well-defined by similar arguments

as in Subsection [3.41 .
Denote the algebra morphism (I)}Cl??Zg): W(g) — Cl(p) which is defined in (4.6

by (I)Cl(p)-
Lemma 4.17. We have ® ) (W%O(fe)) = o, (U(8)).
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Proof. By abuse of notation let ¢ be the characteristic homomorphism W(E) —
W(E). Since both ®¢(,) and «a; are linear and the map c is surjective, it suffices

to show that ®cyp) (1) and oy (c(i2)) are equal for p € €. Take a generator i
for f; € £*, we have

o~

(p) (p)
. - 1 ) 1 .
Caip) (i) = Torp) 0 (fi)) = Tarw) | —5 Y chpfa® S| = ~3 > iy fa Fos
a,b a,b

where we used the formula (4.1 for §,. From (3.54) we get that

(»)
o (e(F)) = p(2F2) = 3 D cha i fu = Peay ()

a,b

This proves the claim. ([l

Lemma 4.18. For any p € T" (g, K), qo tapyx (p) = ;Cl(p)K(qW(p)),

Proof. Let C, € W(g,K) be a relative cochain of transgression for p. Then
by (.15)), gw (Cp) € W(g, K) is a relative cochain of transgression for gy (p). Since
the restriction of gy to Ap is ¢ we have that

qO T (Ap)K (Cp) = ECl(p)K(QW(Cp))~

Which proves the claim. O

Lemma 4.19. For p € T" (g, K),

¥Cl(p)K (Symw (p) = Leip)x (Q(Symw ()))-

Proof. First note that it is easy to check that Tcyg) = Tey(g) © ¢ Hence TCip) K =

Ty © ¢ Let 6’1, be a relative cochain of transgression for symg;(p), then Q(C~’p)
is a relative cochain of transgression for c(symg;(p)). We have

teipyx (symey (p) = Feap x (Cp) = Zaipyx (€(Cp)) = tarp)x (c(symy; (p))),

which proves the claim. [l

Theorem 4.20. For any x € p and p € E(g, K), tatcipx (p) € imay.

Proof. Using the same argument as in Theorem we can conclude imtey )k =
im?CI(p)K from Lemma From Proposition we see that Lgc(im?cup)x) -
Pcip) (W”O({?)), 80 Lz (imteyy)) C Py (W"%E)), which is equal to ima, by
Lemma [L17 O

This theorem also shows that the image of the transgression map tc,yx consists
of primitive elements in the sense of [Ras, §5]. This fact motivates our definition of
the primitive invariants in Cl(p), see Section
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5. PRIMITIVE INVARIANTS AND RELATIVE TRANSGRESSION THEOREM FOR
PRIMARY AND ALMOST PRIMARY TYPES

In this section we define the space of primitive K-invariants in Ap* and prove
the relative analogue of the celebrated Transgression Theorem
We specify (g, €, K) to be in the following list:

(a) (sl(2n+1),0(2n+1),S0(2n + 1)),

(b) (sl(2n). o(20), O(2n) -
(c) (sl(2n),sp(2n), Sp(2n)), '
(d) (e(6),§(4), F(4)).

Lemma 5.2. For (g, K) as in the list we have that
pre: S(g")® — S(E)*

is surjective and admits a splitting map
s: S(EE = S(g*)8

which is an algebra map.

Proof. We first tackle items (a),(c),(d) on our list (5.1]), noting that in these settings
K is connected and S(£*)% = S(£*)t. We have the following commutative diagram
of Harish-Chandra isomorphisms

S *)9 PTe , S(E*)E
h

(9

l . lhc
b =

|

*)W,J , S(E*)W*.

~ E

S(P(Wy)) 20 S(P(WH))

where P(W;) and P(W;) are primitive invariant polynomials in h* and t* respec-
tively. In (a) (resp. (c)), let h be traceless diagonal (2n + 1) x (2n + 1) (resp
2n x 2n) matrices, and let x; : h — C be the functional that picks out the ith
entry. The space P(Wj) can be taken to be the span of the degree 2 to 2n + 1 (or
2n) power sum symmetric polynomials in x;. Let t be diagonal matrices which are
antisymmetric under reflection along the antidiagonal, let {y; € t*: ¢ € 1,--- ,n}
pick out the ith entry. Then P(W;) could be the span of the first n power sum
polynomials in y?. Fori =1,--- ,n, Resi’ (z;) = y; and Res? (n+i) = —Yyi, hence
the restriction to t of an odd power sum polynomial in z; is zero and the restriction
of an even power sum polynomial is twice the power sum polynomial in {y?}. Thus

S(

Res,? is surjective and we construct a splitting by lifting the degree j power sum
polynomial in y? to degree 2j power sum polynomial in z; for j = 1,...,n.

For (d) one could check by computer or appeal to [Oni, Theorem 1 on p. 216]
which states that when (g,) is primary then pr, : S(g*)® — S(£*)! is surjective
and a splitting can be constructed using any preimage of the generators for S(h*)t,
this will be an algebra morphism since S(h*)® is a free commutative algebra.

When the triple (g, ¢, K) is in the category (b) then P(W,) can again be taken
to be the first 2n power sum polynomials in x;, and again t are diagonal matrices
which are antisymmetric under reflection along the antidiagonal. Note that P (W)
can be the first n — 1 power sum polynomials in y? and the Pfaffian IT7; yi- In this
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case pr; does not surject onto S(h*)t. However, the Pfaffian is not K invariant; the
algebra S(£*)X is congruent under the Harish-Chandra isomorphism to S(t*)Wx
with Wx =2 Wpg  (see [CNP] §3.8]). This algebra is equal to the polynomial algebra
(of rank dimt) generated by the first n power sum polynomials in y?. Using the
reasoning for (c), this is clearly the image of Res? : S(h*)WVs — S(t*)We. Again
a splitting lifts the degree j symmetric power sum polynomials in y? to degree 2j
symmetric power sum polynomials in z;. ([l

Lemma 5.3. Consider (g,¢, K) as in the list , then the sequence
0 —— (g, K) —— St(g")9 = §H(E)K —— 0
is exact and split.

Proof. Note that for any = € g and p € T(g, K), since dyyp = 0 and p € ST (g*)¥
we have

L.p =dw otz(p) + tz o dw (p) = 0.
Hence, p € W0(g)?. Thus T(g, K) C T(g) = ST (g*)°.

By abuse of notation, let j: W(t) — W(g) denote the characteristic homo-
morphism and pry: W(g) — W (®) is defined by the same formulas on generators
of W(g) as in Lemma Similarly to we can show that there is a K-homotopy
operator hye: W(g) — W (g) such that

hret © dw +dw ohper = id —j o pry . (5.4)

Suppose that p € %(g,K), therefore, [p] € H(g,K) is zero. Since pr, in-
duces an isomorphism in cohomology, [pry(p)] € H(S(€*)¥) is zero too. The dif-
ferential on S(€*)K is zero, thus, [pry(p)] = pre(p) = 0. Therefore, T(g, K) C
ker pr, NS (g*)®.

Assume that p € ST(g*)® Nker pr,. Applying to p,

dw Ohrel(p) =Pp-

Since hye is a K-homotopy operator, by passing to K-basic subspaces we get a ho-
motopy equivalence between j: S(£*)K — W (g, K) and pry: W(g, K) — S(£*)K
given by hye: W(g, K) — W (g, K). Therefore, hy1(p) € W(g, K) and hence it is
a relative cochain of transgression for p. So ker pr, NSt (g*)? C T(g, K).

It was shown in Lemma that the map pry: S*(g*)® — ST (£)E is surjective
and admits a splitting map. O

Definition 5.5. The Z-graded subspace Px(p) := Res] Pa(g) C (Ap*)* is called
the space of primitive invariants in A\p*.

From the explicit form of primitives Px(p) for (s[(2n),s0(2n)) given in [Dol2], it is
easy to see that the primitives are in fact not only ¢-invariant but also K-invariant.
(They are given as traces, hence are invariant under conjugation by K.)

It follows from [HS, Theorem 12], see also the discussion in [Dolll §4.2] and [Dol2],
that for triples (g, ¢, K) from the list we have

dim P (p) = rank g — rank £ = dim a. (5.6)

We claim that the space (g, K) admits a structure of a S(g*)8-module induced
by the multiplication in the symmetric algebra S(g*). Namely, let p € T(g, K) and
x € S(g*)8. Let C, € W(g, K) be a relative cochain of transgression for p. Then
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dw (xCp) = xp. Since zC, € W (g, K), xC, is a relative cochain of transgression
for xp. Clearly, if z € S*(g*)? we have that

tB(:Ep) = WA(.%'CP) = WA(I')WA(CP) =0 (57)
since m4(x) vanishes by Lemma [3.198] Tt also follows that T(g, K) is an ideal
in ST (g*)e.

The following theorem is an extended version of [Gri, Theorem 4.3.11].
Theorem 5.8 (Relative transgression theorem). Let (g, €, K) be as in the list (5.1)),
then the transgression map t(ap«yx satisfies

kel‘t(/\p*)K = S+(g*)g g(g, K), imt(/\p*)x = P/\(p)
In particular, the map
t(/\p*)K: S(g’ K)/S+(g*)g . ‘Z(g,K) — P/\(p) (59)
is an isomorphism of linear spaces.

Proof. By (5.7), S™(g)? - (g, K) C kert(sp-)x.
By Lemma [5.3] the short exact sequence

0 —— T(g, K) —— SH(g")e =4 sH(E)K —— 0 (5.10)

is split. Let s: ST(£)% — S+ (g*)? be the splitting map constructed in Lemma
We have

ST(g")9 =%(g, K) & s(ST(e)X) 2 T(g, K) & ST(£")K. (5.11)
In particular, noting that T(g, K)- St (g*)? is an ideal in ¥(g, K) and that T(g, K)
is an ideal in S (g*)?, we have that

(SH(g")9)" = T(g, K) - ST (g")? @ (ST (e9) %)% (5.12)

Since (by Chevalley’s famous result) S(g*)? = S(h*)"e is a polynomial algebra
of rank dimb and S(£*)%¥ = S(t*)"«¥ is a polynomial algebra of rank dimt, it
follows that

+ +p K
dimS (g)gl/(s+(g)g)2 =dimbh and dimS (€) /(SJ,-(E)K)Q =dimt.

Therefore, using (5.11)) and , we see that
Let P(Wy) and P(Wg) be as in the proof of Lemma Set

Ps() = he  (POVe) =5 O gy oy,

K) = he ' (P(Wi)) = 5T (®F
Pg(K) = he™ (P(Wk)) = /(S+(E>K)2.
It follows from Lemma that the image of Ps(g) under pr, is Ps(K) and the
splitting map s sends Pg(K) to Ps(g).
Furthermore, let
PS(Q,E) = PS(g) mtz(gaK)
Using the split exact sequence (5.10)), we get

Ps(g) = Ps(p) @ s(Ps(K)) = Ps(p) © Ps(K)
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From the discussion above we get

Ps(g,t) = ‘E(g,K)/S+(g)g - T(g, K)
So the following diagram is a split exact sequence.

0 — Ps(g,8) —— Pg(g) —*» Pg(K) — 0 (5.13)
_ —

S

Recall that the involution 6 fixes £ and acts by —1 on p. It is easy to check that
the transgression map tag- commutes with 6.

We claim that Ps(g) is stable under 6. Since we can choose a 6-stable triangular
decomposition g = n™ @ h ®n~, the Harish-Chandra isomorphism can be assumed
to be -equivariant. So it is enough to show that the space P(WWy) of Lemma is
f-stable.

For (g,¢) = (sl(n),s0(n)) the action of # on the space of diagonal matrices h C g
is given by minus the transpose with respect to the antidiagonal. (Here we are
taking the realisation of £ = o(n) to be matrices that are skew-symmetric with
respect to the antidiagonal.) Hence the even power sums are fixed by 6 while the
odd power sums are in the (—1)-eigenspace of . The claim follows.

For (g, &) = (sl(2n),sp(2n)), the involution 6 is X — —JX!J 1 = JXJ, where
J is the antidiagonal matrix having first n components equal to 1 and last n com-
ponents equal to -1. As in the (sl(n),so(n)) case, the action of § on the diagonal
matrices comprising § is given by minus the transpose with respect to the antidi-
agonal. Hence the same proof works also in this case.

Assume now that (g,t) = (e(6),f(4)). Let p1,..., € b* be the weights of
one of 27-dimensional irreducible ¢(6)-modules, then by [Oni, §11 Theorem 3] the
polynomials

l
pk:ZM;nk—i_lv k=1,...,6,
=1

where m; are exponents of ¢(6), form a basis of P(WW,). The involution 6 which
fixes f(4) in ¢(6) is induced by the outer automorphism. Therefore, 0(u;) = —p;.
Hence we get that

O(pi) = Pk if my, is odd,
—pr  if my is even.

Which proves that Ps(g) is #-stable.
Set

Pr(e)*’ ={p € Pulo) | 0(p) = +p},  Ps(a)*’ ={p € Ps(g) | 0(p) = +p},
We now consider the following diagram with the first row equal to ((5.13]).

0 — Ps(g,®) — Ps(g) = Ps(g)? @ Ps(g)" — Ps(K) —— 0

J{tw*)f‘ ltw*

Pa(p) Pr(g) = Pa(9)? & Pa(g)™°

g
Resp

Clearly, 6 acts by —1 on A\°p*. Since Pa(g) is odd, Pa(p) is odd too. Thus
0 acts by —1 on Px(p), hence Res§trg-(Ps(g)?) = 0 and Res§ tag-(Ps(g)™?) =
PA(p). Therefore, dim Ps(g)~? > dim Px(p) = dima. Because S() is f-invariant,
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Ps(g)~% C kerpr, = Ps(g,t). Since we have seen that dim Ps(g,t) = dima, it
follows that Ps(p) = Ps(g)~?. Therefore,

Res§ otng+(Ps(g)) = Res otg- (Ps(g) %)

Since the left hand square commutes (up to multiplication by a non-zero scalar) by
Lemma we have t(xp+)x (Ps(g, ) = Pa(p), hence (5.9) is an isomorphism. [

6. HARISH-CHANDRA PROJECTIONS

In this section we construct relative analogues of the Harish—-Chandra map
Cl(g)® — Cl(h). They are attached to elements of W' and denoted by hc,,. We
show that for each w € W1, hc,: Cl(p)t — Cl(a) is a surjective algebra homo-
morphim. We stress that in general it is not a filtered algebra homomorphism.
However, in Section [7] we introduce a filtration on a which makes hc,, compatible
with filtrations.

Fix a triangular decomposition of g

g=n"@ohodn.
By the Poincaré-Birkhoff-Witt Theorem, this decomposition of g induces a decom-
position of Cl(g)
Cl(g) = Cl(h) & (n~ Cl(g) + Cl(g)n"),
which in turn defines a projection hey: Cl(g) — Cl(h). By results of Kostant and

Bazlov [Bazll, Theorem 4.1], see also [Mei, Theorem 11.8], the restriction of hcg
to Cl(g)? is an algebra isomorphism

heg: Cl(g)® — CI(h).

As it was shown in [AM4] the Harish-Chandra projection becomes a filtered algebra
isomorphism when § is given a special filtration, described in §8]

Assume now that t = h N ¢ is a Cartan subalgebra of £ and fix a choice AT (g, t)
of positive t-roots in € and a choice of A*(g,t) D AT (¢ t). This determines the
subset W' of the Weyl group Wy (see the introduction).

Each w € W fixes a choice A (g,t) of positive t-roots in g containing AT (¥, t).
Consider the corresponding triangular decomposition

g=n,ohdny.
Set
Pui=pOng,  pyi=pam,,  a=pnbh,
so that
P=p,DaDp,.
Note that p;, and p;, are isotropic and in duality under B.

By the Poincaré-Birkhoff-Witt Theorem, there is a basis of Cl(p) consisting of
monomials

TSkl hleedt ek, (6.1)
with fi,..., f, a basis of p,, hi,...,h, a basis of a, e1,...,e, a basis of p*, and

the exponents i, js, k all equal to 0 or 1. This induces a decomposition

Cl(p) = Cl(a) @ (p,, Cl(p) + Cllp)py;)
and consequently a Harish-Chandra projection he,,: Cl(p) — Cl(a).
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Lemma 6.2. The restriction of the linear map hc,, to the t-invariants C(p)t is
an algebra homomorphism. Consequently, hc,: Cl(p)® — Cl(a) is also an algebra
homomorphism.

Proof. If z € Cl(p)!, then = can be written as sum of monomials (6.1)) of t-weight
0. For the weight to be 0, each such monomial contains a factor in p;l if and only
if it contains a factor in p,,. It follows that

Cl(p)* N (p,, CLp) + Clp)p,;) = CLp) N (b, Clp)) = Cllp)* N (Cl(p)pi;) ,
and this is clearly an ideal in Cl(p)'. Consequently, the projection hc,, : Cl(p)t —

Cl(a) is an algebra homomorphism. O
Lemma 6.3. The Harish-Chandra projection he,, : Cl(p) — Cl(a) maps a,(U(8))
to C.

Proof. In writing the basis , we may assume that f; and e; are dual bases
(with respect to B) of p,, respectively p.f, such that each e; is a root vector for the
(g,t)-root fB;, while f; is a root vector for the (g, t)-root —3;. We can also assume
that the h; form an orthonormal basis for a.

Denote by pg, respectively pe, the half sum of roots in A*(g,t), respectively
A% (¢, t). The half sum of roots in A (g,t) is then wpy. We claim that

hey (a(H)) = (wpg — po)(H), H e t. (6.4)

To see this, we compute

a(H) = i(ZHelfz—i—ZHh hy —i—ZHfZ )

(since H € t we have [H, h;] = 0)
_EZ@‘ Jeifi— — Zﬁz )fies
LD B i — fie) = 7 D0 BH)E — 2e)

= (wpg -5 Z/B’L fzez

The last sum vanishes under the map hcw by its definition and (wpg — pe)(H) stays
unchanged by the same map because it is a constant. This proves .

Next, we claim that hc,, oa annihilates elements of n}, N €. By the definition of
he,, it is enough to show that for any root vector = € nf N€, a(z) € Cl(p)p;,. The
summands in the expression for a(z) are of the form

[x,e;]fi  or [z, hi)h; or [z, fie;.
Of these summands, [z, f;]e; is clearly in Cl(p)pl. Furthermore, [z,h;]h; is in
Cl(p)p., since [z, h;] is a positive root vector in p, hence in p;, and it anticom-
mutes with h;. Finally, [z,e;] is a positive root vector in p, so it is in p;f, and it
anticommutes with f;, hence [z, e;]f; is also in Cl(p)p..

One shows similarly that if y € n_; N¢, then a(y) € p,, Cl(p) (so hey,(a(y)) = 0).

Let now M be a monomial in U(¥) of the form

M=F, - Fu,Hy - HyE; - Ep,
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where Fy,...,F,, € n, Nt Hy,...,H, €t, Ey,...E, € n}, Nt By the Poincaré-
Birkhoff-Witt Theorem, such monomials span U(¥). We claim that hc,, (a(M)) is
a constant; this will finish the proof.

If n > 0, then we can write M = M'E,,, so a(M) = a(M")a(E,) € Cl(p)p., so
hey (a(M)) = 0. Similarly, if m > 0, then M = F1M", so a(M) € p,, Cl(p) and
again he,, (a(M)) = 0.

Finally, if M = H;--- Hy, then a(M) = a(H;)...a(Hy) is t-invariant, so by
Lemma and by ,
hey (a(M)) = hew(a(Hy)) - . hey (a(Hy)) = (wpg —pe) (Hi) - .. (wpg — pe) (Hy) € C.

(]

Let e; and f; be dual bases for p}, p,, as before, let p = dim p;. Define
1
P, = 2—pel-~-epfp-~-f1 € Cl(p).
It is easy to verify that P, is a projection, i.e., P2 = P,; as we shall see, P, is
closely related to the Harish-Chandra map hc,,.

Lemma 6.5. Let at be a fized mazimal isotropic subspace of a with respect to B. If
p is odd dimensional let Zy, Zy = 3(1+ Zyop) be idempotents in the centre of Cl(p)
and Zy, Zy be idempotents in the centre of Cl(a). We construct p* to be p, @ a®
and model S (resp. S1,S> = AptZ1, ApTZ2) by N(p™). Then the projection P,
when considered in End(S) (resp End(S1) @ End(S2)) is the projection of S (resp.
S1,52) to the subspace

erop ANaT =e1 Ao Aep ANaT (resp. ewop ANGTZ1, erop A NaT Z2)
along the span of monomials not containing ey A--- N ep.

Proof. 1t is clear that P, fixes every monomial in ey, A Aa™, and kills every other
monomial in Ap*. The claim follows. (]

Define the linear map p,, : Cl(p) — Cl(p) by pw(z) = PyaP,. Since P, com-
mutes with Cl(a), pw|ci(a) is a nonzero Zs-algebra morphism. The only Zy-ideals in
Cl(a) are Cl(a) and {0}, thus py|ci(a) is injective, and its image is clearly the sub-
algebra P, Cl(a)P,, C Cl(p). Let ¢y, : Py, Cl(a)P, — Cl(a) be the inverse algebra
isomorphism

buw(PpwaPy) =a, a € Cl(a).
Lemma 6.6. The Harish-Chandra projection hc,, is equal to ¢y 0 Py -

Proof. Since pfP, = 0 and P,p, = 0, the kernel of hc, is contained in the
kernel of p,,. The image of p,, is P, Cl(a)P,, which has dimension 24™(®) just as
Cl(a) = imhe,,. It follows that ker p,, = ker hc,,. On the other hand, ¢, o p,, and
hc,, are both equal to the identity on Cl(a), so they must be the same. (]

Clearly, we can think of p,, as the projection of End(S) to End(etop A AaT) =
End(Aa™) (resp. py : End(S1) ® End(S2) — End(etop A AatZ1) @ End(egop A
Na* Zy)).

Proposition 6.7. For each w € W' the corresponding Harish—Chandra projection

hc,, restricts to a surjective algebra homomorphism

he,: Cl(p)t — Cl(a).
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Proof. We already know (Lemma that hc,, is an algebra homomorphism on
Cl(p)t, so it remains to prove surjectivity. Since ¢, is an isomorphism, it is enough
to show that p,, is surjective.

Assume first that Cl(p) = End(S) (i.e., dimp is even). We want to show that
any endomorphism of V' = e, A Aat extends to a &-morphism of S, i.e., to an
element of Cl(p)t. Let vy, ..., v,, be a basis of V, i.e., a basis of the space of highest
weight vectors for the £-isotypic component of S' corresponding to w. Let v;; be the
linear map on V sending v; to v; and vy, k # 4, to 0; it is enough to lift such maps
since they span End(V'). The highest weight vectors v; and v; generate isomorphic
copies of the t-module Ey,, —,, with highest weight wpg — pe, and there is a unique
t-isomorphism of these two copies of E,, —,, sending v; to v;. Now we extend this
isomorphism by 0 to the copies of Ey, —,, generated by vk, k # i, and to the other
t-isotypic copies of S. In this way we get a £-endomorphism of S which is sent to
Yij by pu-

The argument for dim p odd is similar. Using the same reasoning as above,

P, Cl(a)P, = End(etop A /\a+é) @ End(egop A /\a+é).

Now let Vi = eyop /A0 Z1 and Vo = eop A AaTZs. In an identical way to the even
dimension case, given a linear map 1;; of either V; or V, we can lift this map to a
t-module endomorphism of the Spin module S; = ApTZ; and Sy = ApT A Z;. O

Remark 6.8. By Lemma the Harish-Chandra homomorphism hc,, sends Pr(S) =
a(Z(¥)), see Definition to constants. It is easy to see that in terms of projec-
tions, hc,, sends pr,, to 1, and other pr, to 0.

Indeed, since all elements of ey, A Aat are of weight wpy — pe, this space is
contained in the £-isotypic component of S corresponding to w. Thus pr,, is the
identity on this space, so p,,(pr,,) = P, and therefore he,, (pr,,) = ¢ (Pw) = 1. On
the other hand, for o # w, pr, kills the space eop A Aa™, 50 py(pr,) = 0 and thus
also he,, (pr,) = 0.

7. CLIFFORD ALGEBRA ANALOGUE OF CARTAN’S THEOREM FOR PRIMARY AND
ALMOST PRIMARY CASES

In this section we prove an analogue of Cartan’s theorem for Cl(p)¥ for primary
and almost primary cases. Let (g, ¢, K) be a triple from the list (5.1]).

Lemma 7.1. Assume that (g,€, K) = (sl(2n),0(2n),0(2n)). In this case |W| = 2.
Let hey and hes be the corresponding Harish—Chandra homomorphisms and pry, pry
be the corresponding projections. Then the restrictions of hcy and hey to Cl(p)X
coincide and define an isomorphism hc: Cl(p)% — Cl(a).

Proof. Let k = diag(1,...,1,—1), so k is a representative of the disconnected com-
ponent of K. Let k be a lift of k in the pin double cover K of K. The two t-types
in § differ only by the sign of the last coordinate of the highest weight. The ac-
tion of k switches these two highest weights because the action of k on h changes
the sign of the last coordinate. This implies that Ady pr; = pry, and therefore
hey = heg 0 Ady. Thus for w € Cl(p)X, hey (w) = hea(w) since Adg w = w.

Suppose that he(w) = 0. Note that w = wpry +wpry, he(wpry) = 0 and
hea(wpry) = 0, so it follows that he;(w pr;) = 0. Since he; is injective on Cl(p)® pr;,
it follows that wpr, = 0. So w = wpr; +wpry, = 0. This proves injectivity
of he;: Cl(p)® — Cl(a) and surjectivity follows by dimension counting. O
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Proposition 7.2. For any w € W the restriction of hc,, to Cl(p)¥ is an algebra
isomorphism. Moreover, the restrictions of all he,, to Cl(p)X coincide.

Proof. For the primary cases we have that [W?!| = 1 and dim Cl(a) = dim Cl(p)¥ =
2dima 55 the claim follows from Proposition which states hc,, is surjective. The
claim for the remaining almost primary cases (sl(2n),0(2n), 0(2n)) follows from
the Lemma above. O

Definition 7.3. The space of primitive invariants Pci(p) in Cl(p)¥ is defined as
q(PA(p)), where Pa(p) is as in Definition

It follows from the relative transgression Theorem and Lemma that
P01(p) = im;CI(p)K.

Theorem 7.4. For each w € W' the Harish Chandra projection hc,, : Cl(p) —
Cl(a), takes primitives ¢ € Pci(p) to linear elements of Cl(a), i.e., to q(\'a).
Moreover, hey, (Poi(p)) = a.

Proof. Lemma@ shows that hc,, : imay, — C. Theorem @ states that we have
tz¢ € imay, for all € p, hence hc, ;¢ € C. The linear map he,, commutes with
contractions by elements from a hence

1z hey(P) = hey(1z0) € C YV € a.

Since ¢ is odd, this implies that hc,,(¢) is linear.
The fact that he,, (Poi(p)) = a follows from two facts:

1) dlmP(;l(p) =dima by ‘ R
2) hey,: Cl(p)X — Cl(a) is an algebra isomorphism by Proposition O

Corollary 7.5. For any two elements ¢, € Pci(p), the commutator [¢, 1] is in C.

Proof. Theorem shows that for every w € W' the Harish Chandra map hc,,
takes elements of Pci(p) to linear terms. For any aj,as € a C Cl(a), [a1,a9] € C,
hence the primitives P, (p) have the same property in Cl(p)¥, since the Harish
Chandra map is an isomorphism of algebras hc,, : Cl(p)X — Cl(a). O

7.1. The form on primitives in Cl(p)X. For X € Cl(p), let X be the operator of
left-multiplication by X, and X ¥ the operator of (Zy-graded) right-multiplication:
XEY)=xYy, XBY)=(-1)pXrMyXx,

for parity homogeneous elements X,Y € Cl(p), and X¥ — X = [X, —]c1. If 2 € p,
we have
xL:qo(€w+Lw)oq_l7 xR:qo(Sl.—Lw)oq_l,

where £, is the operator of left-multiplication by x in Ap.

Lemma 7.6. Let X € \"'p, Y € \"p, then

m—+n

g '(aX),ahe @ A

k=|m—n|

Moreover, if m > n then q~*([g(X), q(¥)])m-n) = (1 — (~1)™)ix Y
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Proof. Recall that [¢(X),q(Y)] = (¢(X)" — q(X)F)q(Y).
Assume that X =29 A ... Ax,,, where x1,...,2,, € p. Then

q(X)L(q(Y)) =qo (Exy +tay) 0.0 (Eay, +ta,)(Y)

When expanding out the brackets (e;, + t5;) we find that the resulting operator

q(X)Y is a summand of monomials with & multiplication operators and m — k

contraction operators, for k € {0,--- ,m}. Since dege,, = 1 and degi,, = —1,

then ¢(X)=(q(Y)) € @7 Ap, a similar argument shows that ¢(X)(q(Y)) €
mAn AFp thus

k=n—m
m—+n

¢ ([a(X),av))e @ Ak

k=n—m

On the other hand, we have that
[a(X),q(Y)] = (=1)""[q(Y),q(X)] = (=)™ (¢(Y)* — q(Y)")q(X).
Thus by an identical argument considering operators ¢(X)¥ and ¢(X)# we find

m—+n

¢ H(aX),a)) e P AW

k=m—n
Thus ¢~ ([¢(X), ¢(Y)]) is concentrated between degrees |[n—m/| and n+m. When
m > n, the m — nth degree term of [¢(X), q(Y)] is equal to
4 (@) ) = (X)) (G(Y) ) = ex (YY) = (=1)"ex (Y).
Thus [¢(X), ¢(Y)]pn—m) = (1 = (=1)™)q(ex (V). O

Lemma 7.7. Suppose two odd homogeneous elements X,Y € Ap are such that
[9(X),q(Y)] € C. Then [¢(X),q(Y)] = 2(exY)q)-

Proof. Suppose that X € A™p, Y € A\"p and n # m. Then (1xY )] = 0. On the
other hand, by Lemma

m-+n

¢ '(gX),a) e P A'v

k=|m—n|
In particular, since [m — n| > 0 we have that ¢~ *([¢(X),¢(Y)])jg) = 0. By assump-
tion we get that [¢(X),q(Y)] = ¢~ ([¢(X),¢(Y)])jo) = 0 = 2(txY) 0.
Now suppose that X,Y € A"™p have the same degree, then
¢ g(X)Pq(V)) =exY, g a(X) (V)0 = (1) ™ex Y.
Hence we get that

¢ ([a(X), a(¥ )0 = ¢~ (a(X) " a(Y))j0) — ¢~ (a(X) Fa(Y))po)
= ny — (—1)mbxy = (1 — (—1)m)LXy = (1 — (—l)m)(LXy)[O].
Since m was assumed to be odd, we conclude that [¢(X),q(Y)] = 2(.xY )0 O

Recall that B : Cl(p) x Cl(p) — C is the form defined on elements a,b € Cl(p)
by ~
B(a, b) = Lq—l(a) (b) [0]-
By abuse of notation, we denote the restriction of the form B on Pcy(p) again by B.
Applying Lemma and Corollary to the primitives Pci(p) we find:
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Corollary 7.8. Let ¢,1) € Py(p) be homogeneous elements. Then

[a(9), ()] = 2(ee¥)10) = 2B(6, ).

7.2. Proof of Theorem for primary and almost primary symmetric
pairs. To prove statement (a) of Theorem note first that the elements of
Pci(p) C Cl(p)X satisfy the relations from Corollary Thus it follows from the
universal property of Cl(Pci(p), B) that the inclusion Px(p) < Cl(p)¥ extends to
an algebra homomorphism

f+ Cl(Pa(p). B) = Cl(p)*.
Furthermore, Theorem (a) shows that for every w € W1
wa(P01(]J)) CacC Cl(a)

By Proposition we have that hc,, |cypyx is an isomorphism and he,, (Pa(p)) =
a C Cl(a). We conclude he,, (Pci(p)) generates Cl(a) and Pgi(p) generates Cl(p)%.
In particular,
hey of : CL(Pea(p), B) — Cl(a)

is an algebra homomorphism and hc,, (f(Pci(p))) = a. The restriction of the
form B on Pc)(p) must therefore be non-degenerate. Indeed, suppose that a nonzero
¢ € Pci(p) is orthogonal to Pey(p), then ¢ anticommutes in C1(Pg(p), B) with all
of Pci(p) (including itself), so the nonzero element hc,,(f(¢)) € a anticommutes
with a (including itself). But there is no such element in a.

(b) When (g, €) is primary, Cl(Pci(p)) = Cl(p)¥ and imayz = Pr(S) is C (see
Lemma . So there is nothing left to prove. In the almost primary cases,
imaz = Pr(S) is two dimensional spanned by pr; and pr,. It is clear that
imay is in the centre of Cl(p)® thus there is a filtered algebra homomorphism
from Cl(Pci(p)) ® Pr(S) to Cl(p)t. We are left to show that this map is injective.

Let ay,a2 € Cl(Pci(p)) be such that a; ® pr; +az ® pry is in the kernel, then
taking the Harish Chandra projection he¢; shows that a; = 0, thus this algebra
homormorphism is an injection. Dimension counting shows it is a filtered algebra
isomorphism.

(¢) This is proved in [CNP] and [CGKP)] for any symmetric pair.

Statement (d) follows from the fact that grCl(p)t = (Ap)*, gr(CL(Pa(p))
APA(p), gr C[t*]We /I, = C[t*]W /I and gr(A® B) 2 gr A® gr B.

O R

Remark 7.9. In a similar manner, starting from Theorem [3.57] and the Harish—
Chandra projection heg: Cl(g) — Cl(h), one can prove Kostant’s result that Cl(g)®?
equals Cl(g(Pn(g)), B) without using the Hodge theory for Ag.

7.3. Contractions by primitive elements. Let z,a,b € Cl(p) then
[z, ab] = zab — (—1)l=llal+I=lblgp
= zab — (=1)l#llelggy 4 (—1)l#llalgzp — (—1)lellal+lelblgp
= [z, a]b + (=1)l=llelq [z, B].

That is, [z, —] is a derivation of Cl(p).
Let (g,¢ K) be a triple from the list (5.1)).

Corollary 7.10. Let ¢ € Px(p), then the restriction of vy to Cl(p)¥ is equal to
11q(¢), =] and hence is a derivation of Cl(p)¥.
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Proof. Let ¢; be a basis of P(p), orthonormal with respect to B, and such that
i € (N™'p)K. For 1 < iy <ig < ...<ip < dimPa(p), set ¥ = ¢, A... Ay, €
(/\Mp)K7 where M = m,;, + ...+ m;,. Since ¢; are orthonormal, Theorem a)
implies that q(v) = q(¢:,) ... q(bi,)-

Using the fact that [¢(¢;), —] is a derivation of Cl(p), we have that

[a(6,).a(®)] = > (=) q(ei,) - [a(5), a(s,)] - - (i)

a

(Since [¢(¢a), q(¢Pp)] = 20, and all 4, are distinct.)

)21 g(ey,) q@) ...q(¢;,) if there exists a such that i, = j,
0 otherwise.

o —

Here q(¢;,) denotes the omission of q(¢;,). We have that ¢~'([q(¢;),q(¥)]) €
K
(/\M—mj p) . By Lemma we get that

g "(a(), a@)]) = ¢ ([a(D5), a(0)]) (71— mi) = 2t

Thus 3[gq(¢;),—] and v4, agree on every monomial of the form q(¢;,)...q(d;,)
which form a basis in Cl(p)¥, since they are both linear these operators agree on
Cl(p)k. O

Corollary 7.11. For ¢ € Pa(p) the restriction of t4 to (/\p)K is a derivation
of (\p)™.

Proof. By Corollary for 1 € Px(p) the operator ¢, is a derivation of Cl(p)¥.
The associated graded map of ¢, € End(Cl(p)) is ¢, € End(Ap) when we pass
from Cl(p) to the associated graded Ap. Since vy is a derivation of Cl(p)¥ it
preserves Cl(p)®, hence its graded version vy preserves (Ap)X. Moreover, the
associated graded algebra to Cl(p)¥ is (Ap)®. The associated graded map of
a derivation is a derivation of the associated graded algebra, thus we get that 14 is
a derivation of (Ap)¥. O

8. AN ANALOGUE OF KOSTANT’S CLIFFORD ALGEBRA CONJECTURE.

In this section we define a filtration on a which makes the Harish—-Chandra projec-
tions hey,,: Cl(p)* — Cl(a) filtered algebra morphisms. This generalises Kostant’s
Clifford algebra conjecture to the relative case.

We first review some background material about principal slo-triples, for exam-
ple, see [Dyn| [Kosll [Vog]. Let g be a semisimple Lie algebra. Up to conjugacy,
there is a finite number of Lie algebra embeddings i: sl — g. An sly-embedding
is called principal if g splits into the smallest number of i(sly)-submodules under
the adjoint action. Recall that by the Hopf—Koszul-Samelson Theorem Pa(g) is
a graded vector space with generators in degrees 2m; + 1 defined by the exponents
mi,...,myof g

Let § be the Lie algebra defined by the dual root system and h C § be the corre-
sponding Cartan subalgebra. Kostant observed that py € h* viewed as an element
of § coincides with the regular element A of the principal sly-embedding to § given
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by (é,h, f) C §. Since b* and b are canonically isomorphic, the coadjoint action
of é induces a filtration on bh:

Fmp={zeh]| (adf)™ 'z =0}.

The dimension of the vector space F(™h jumps at values m = my, ..., m, which
follows from results of [Kosl].
Since heg(g(Pa(g))) = b, we can define a different filtration on h:

F™h = heg(g(PY™ 1 (9))),

where P,(\k)(g) denotes the filtration on PA(g) induced by the Z-grading. Kostant
suggested the following conjecture which was proved for type A in [Baz2] and for
any reductive Lie algebra in [Jos, [AM4].

Theorem 8.1 (Kostant’s Clifford algebra conjecture). Two filtrations on b coin-
cide, namely, for any m € N, we have F(™h = F(™)p.

Similarly, for any w € W' define two filtrations on a by
Flm)q — {I cal (adz)m+1x _ 0} ’ Fm)g — wa(P/(\2m+1)(P)),

where P/(\k) (p) denotes the filtration on Pa(p) induced by the Z-grading. Note that
the filtration F(™a does not depend on w since by Proposition we have that
the image of Px(p) under hc,, does not depend on w.

Theorem 8.2 (Relative Kostant’s Clifford algebra conjecture). Let (g, £) be a sym-
metric pair of primary or almost primary type, then the two filtrations on a coincide,
namely, for any m € N, we have F™a = F(™q.

Proof. Given that Py (p) = Resj(Px(g)) then the filtration F(Mqis just the restric-

tion of F"™)p to a. Furthermore, since a C b, F"™)q is the restriction of F(")§ to a.
Thus the theorem follows from restriction to a of the results from Theorem the
following diagram commutes

Flmp = pimp

[ [t
Flmg =, plmg,

Which concludes the proof. O
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