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ABSTRACT. Let (—A, B,C) be a linear system in continuous time ¢ > 0 with input
and output space C? and state space H. The scattering (or impulse response) func-
tions ¢(y)(t) = Ce”"t2)4B determines a Hankel integral operator Ty ; if T'g
is trace class, then the Fredholm determinant 7(z) = det({ + I'y, ) determines the
tau function of (—A, B,C). The paper establishes properties of algebras containing
R, = f;o e "ABCe A dt on H, and obtains solutions of the sinh-Gordon PDE. The
tau function for sinh-Gordon satisfies a particular Painléve III' nonlinear ODE and de-
scribes a random matrix model, with asymptotic distribution found by the Coulomb

fluid method to be the solution of an electrostatic variational problem on an interval.
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1. INTRODUCTION

This paper is concerned with the Fredholm determinants of operators that are intro-
duced via linear systems and with their applications to the sinh-Gordon equations. The
study has application in Tracy and Widom’s approach [36] to random matrix theory.

We begin by fixing some notation concerning linear systems. Let H be a separable
complex Hilbert space with orthonormal basis (e;)32,, and let L(H) denote the algebra
of bounded linear operators on H. We shall denote the adjoint of B € L(H) by Bf. Let
Hjy be a separable complex Hilbert space which serves as the input and output space;
let B: Hy— H and C': H — Hj, be bounded linear operators. On the state space H,
let (1})i>0 be a strongly continuous and bounded semigroup with infinitesimal generator
—A, which is densely defined on domain D(A), where D(A) is itself a Hilbert space for
the graph norm || £[5,) = /12 + [ Af2

The continuous time linear system (—A, B, C) is

dx
— ——AX +B
- + BU
Y = CX,
X(0) =0. (1.1)
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The impulse response function of (—A, B, C) is ¢(t) = Ce "B, which is a bounded and
weakly continuous function ¢ : (0,00) — L(Hy). The alternative term scattering function
is used in the Russian literature. The connection between systems and scattering theory
is fully discussed in [2] and in greater generality in [1].

Suppose that ¢ € L*((0,00); L(Hyp)). Then the Hankel integral operator with impulse

response function ¢ is the operator

Pof(x) = / Tbe ) fwdy (€ LA((0,00); Ho)). (1.2)

We wish ¢ to be a function rather than a distribution. To ensure this, one can invoke
Theorem II.1 of [30]. Suppose that I' is a bounded and self-adjoint linear operator on a

separable complex Hilbert space, such that

(i) T is not invertible;
(ii) the dimension of the null space of T" is either zero or infinite;
(iii) the spectral multiplicity function v satisfies |v(t) — v(—t)| < 1 for almost all real

t with respect to the scalar spectral measure.

Then there exists a single-input single-output linear system (—A, B, ) with bounded
A, B,C such that ¢(t) = Ce B determines a Hankel operator Ty that is unitarily
equivalent to I'. Peller [32, page 470] considers other criteria involving discrete-time
linear systems that ensure A, B, C' are bounded

Such Hankel operators do not themselves form an algebra, although they have an alge-
braic structure which has been exploited in [33] and section 3.5 of [26]. An important fact
is that every bounded self-adjoint Hankel integral operator on L?(0,00) can be realised
as the Hankel operator associated with a linear system (—A, B, () in continuous time
with state space H, and such that ¢(t) = Ce "B where (e7*4) is a strongly continuous
semigroup on H (see [32] and [30]).

Recall that K € £(H) is Hilbert-Schmidt if || K7, = 372, [ Ke;||* is finite. We shall
denote the set of all Hilbert—Schmidt operators on H by £2 = £?(H). This space contains
the ideal of trace class operators £! = {K 1K : Ky,K, € EQ}. There are now several
criteria for ensuring the boundedness of a Hankel operator; see, for example [32] and
[34]. We shall repeatedly use the basic result that if tHd)(t)H%Q(Hm Ho) 18 integrable, then
'y determines a Hilbert-Schmidt operator L?((0,00); Hy) — L*((0,00); Hp).

Definition 1.1. Let (—A, B,C) be a linear system as in (1.1) with impulse response
function ¢, and suppose that I'y is trace class. Let ¢(,)(t) = ¢(t + 2z). Then the tau
function of (—A, B, C) is defined to be 7(x) = det(I + L'y, ), for z > 0.

This tau function is analogous to the tau function introduced by Jimbo, Miwa and

Ueno [24] to describe the isomonodromy of rational differential equations, and generalizes
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the classical theta function. Mumford [31] constructed solutions of the cubic nonlinear
Schrodinger, KdV, mKdV and sine-Gordon equations in terms of classical theta functions
on abelian varieties. Ercolani and McKean [15] extended the analysis of KdV to infinite-
dimensional abelian varieties in which case the impulse response function ¢ is of rapid
decay.

In [6], we reinterpreted the results of [33] and [26] in terms of an algebra of operators
on H with a special associative product, and showed how nonlinear differential equations
such as KdV emerge from algebraic identities in this product. In the present paper, we
continue this analysis by addressing the sinh-Gordon equation in section 5. In section 5,
we introduce a 2 x 2 block matrix system which enables us to introduce a tau function
for the sinh-Gordon equation in the form det(I + Ty, )(I =Ty, )7"

Our tau functions are closely related to tau functions from integrable operators. In
[13], the authors consider the algebra of integrable operators of the form Al + K where

K is an integral operator on L?*(L) for a curve L in C with kernel

S fi(2)g(w)

Z—Ww

kr(z,w) =

where Zjvzl fi(2)g;(z) = 0. They achieve several results using Riemann-Hilbert theory
and make applications to some integrable operators in random matrix theory. Integrable
operators of this form include the Christoffel-Darboux kernel from orthogonal polyno-
mials when L is a real subinterval. In [36], the authors systematically consider these
kernels and their scaling limits for classical orthogonal polynomials and obtain integrable
operators that are fundamental to random matrix theory.

In that situation, as in this paper, the Fredholm determinant det(/ 4+ AK) is of primary
interest. In particular,they show in [36] that the Airy and Bessel kernels can be expressed
as products of Hankel integral operators on L?(0,00). In section 3 we give sufficient
conditions for operators in the algebras we consider to be expressed as a product of

Hankel integral operators.

2. DIFFERENTIAL RINGS AND DARBOUX ADDITION

Let u € C*(R;C) be the potential in Schrédinger’s equation. Gelfand and Dikii
[19] considered the algebra A = Clu, v/, ...] of differential polynomials generated by the
potential and its derivatives. In this section we consider a generalization of this relating
to linear systems. In [30] there is an existence theory covering the self-adjoint case.

We suppose that ¢ is a scalar impulse response function that can be realized from
a linear system (—A, B,C) from (1.1) as ¢(t) = Ce "B, where A : H — H, B :
C — H and C : H — C are bounded. Suppose further that the shifted reachability
operator =, : L*((0,00);C?) — L?((0,00);C) and the shifted controllability operator
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O, : L?((0,00); C?) — L?((0,00); C) are Hilbert-Schmidt operators, where

B f = / e M Bf(t) (2.1)

0. f = / e ATCT f(t) dt. (2.2)
Here z is the variable that parametrizes the time shift. Then
s = 5,00 = / e M BCe ™ dt (2.3)
is trace class, and satisfies the Lyapunov equation
d
—R, = —AR, — R A. 2.4
o (2.4)

Definition 2.1. The tau function of (—A, B,C) is 7(z) = det(I + R,).

The operators =, and ©, are standard in linear systems. Recall that since =, and @_,TE
are Hilbert-Schmidt, det(I 4+ Z,0]) = det(I + ©1Z,) so since T'y,) = OLZ, we have the
equivalent form 7(z) = det( + T4 ) given in Definition 1.1. In random matrix theory,
this tau function is often associated with Dyson [14], who referred to previous Russian
sources.

The novelty of our approach is our systematic use of the Lyapunov equation (2.4) to
obtain a differential ring to study the tau function and its derivatives. This is most

conveniently expressed in terms of F, = (I + R,)~'. Then (2.4) gives
(d/dx)F, = AF, + F,A — 2F,AF, = e "4 BCe™™*,
We introduce the vector space of linear operators
As, = spanc{A™, A F,A™ .. F,A";n; € N}, (2.5)

and introduce the associative product

Px(@Q=P(AF, + F,A—-2F,AF,)Q (P,Q € Ay) (2.6)
and the derivation
OP = A(I — 2F,)P + % Y P(I—2F)A  (PeAy). (2.7)
and the bracket operation
|P| = Ce ™ F,PF,e "B, (P € Asx) (2.8)
as in [6] Definition 4.3.
Lemma 2.2. (1) (As,*,0) is a differential ring, and the bracket operation |-| :

(Ag, *,0) = (C*((0,00);C),-,d/dx) gives a homomorphism of differential rings.
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(ii) Let the potential of the linear system (—A, B,C') be
2

d
u=—2 ] logdet( + R,).

Then u = —4[A].
Proof. See [6] Lemma 4.2, and a related approach is developed in [12]. U

Definition 2.3. [20]
(i) For a potential u € C*(R;C) the stationary KdV hierarchy for a sequence (f)
is the recurrence relation fy =1,
0 133 f, Ofo 10
j:__ ffl—i—u fEl_I___u
Ox 4 Ox3 Ox 20x
(ii) The stationary hierarchy for the sine-Gordon and modified KdV equation is sim-

foor (€=1,2,3,...). (2.9)

ilar, with u replaced by

wy = —}1 ((%)2 + 2@%). (2.10)

The solutions sequence for these hierarchies are differential polynomials in u by [20]
Remark 2.2, and by Lemma 2.2 there exists X; € A, such that f, = [X,|. For the
stationary KdV hierarchy, we showed in [6] that when f, = (1/2)u, the terms f, =
(—1)%2| A%*°1] give a solution. In the physical models discussed in [22], KdV has a
partition function which is the square of a tau function; whereas mKdV has a partition
function that is the product of tau functions; for sinh-Gordon, one considers quotients of
tau functions.

Suppose that u € C*°(R;R) is bounded and let Ay be the bottom of the spectrum of
L = —d?/dz* + u. For A\ < min{)\,0} and signs {£}, we consider solutions:

(+) hy(x;\) of Lhy = Ah, such that by > 0, with

oo 0
/ hy(z)?dr < oo, and / hy(x)*dx = oo; (2.11)
0 —00
(=) h_(z; ) of Lh_ = Ah_ such that h_ > 0, with
0 0
/ h_(r)*dr < oo and / h_(x)*dx = oo. (2.12)
s 0

Let Wr (f,g9) = f¢' — f'g be the Wronskian determinant of f and g. Let G(z,y; ) be
the Greens integral kernel that implements (A — L)™' on L*(R; C), so the diagonal of G

satisfies
hy(z, \)h_(z,\)

Wr (h+($a )\)7 h_(l‘, )‘)) .
In the case where u is a real continuous and 27-periodic potential, the differential equation

G(z,z;\) = (2.13)

—h" 4+uh = Ah is known as Hill’s equation, and is associated with a hyperelliptic spectral
curve ¥ with points {(\,£) : A € C} giving a two-sheeted cover of C as in [29]. The



6 GORDON BLOWER AND IAN DOUST

notion of Darboux addition refers to the operation on potentials that corresponds to the
addition rule for pole divisors of Baker-Akhiezer functions on ¥, as discussed in [28]. In
our case, we have a scattering potential u, and we consider the corresponding addition
rule on the potentials, without seeking to interpret directly the notion of the spectral
curve. Nevertheless, there is a simple operation on the linear system (—A, B,C') that

gives rise to Darboux addition on the associated potential from Lemma 2.2 (ii).

Definition 2.4. (Darboux addition) For o € {4, —}, we define e(z,\,0) = hy(z,\).

Associated with (A, o) there is a change in the potential

d2
TAD s — 2@ loge(x, A, o).

corresponding to the change of linear systems
T (=A,B,C) = (<A, (I +0A)(¢(I —gA)'B,C).

Then for (A, 01) and (Mg, 02), the effect of successive transformations is
d2
T2 TOro) gy gy — 2? log Wr (e(z, Ay, 09), e(x, A1, 01)). (2.14)
T
See [6] Corollary 3.6 and [27]. In particular, with p; = (A, —) followed by pa = (A4, +),
we have an infinitesimal addition u +— u — 0AX(u) + o(d\). We proceed to compute the

generating function for infinitesimal addition.

Proposition 2.5. Suppose that the linear system (—A, B,C) has potential uw = —4[A].

Then the infinitesimal addition satisfies

X(u) = —Q%G(:p,x; A) (2.15)
or equivalently
X(u) = 2 |A(I —2F)AM + A%)7' + AN+ A*) 7 (I = 2F) A] (A < Xo). (2.16)

V=2
Proof. We begin by recalling McKean’s calculation. By the composition formula (2.14),

the infinitesimal addition satisfies
2

d
u—0AX(u) +o(l) =u— 2@ log Wr (hy(z, A+ 6A), h_(x,\)) (2.17)
where from the differential equation
d
%Wr (hi(x, A4+ X)), h_(z,N)) = 0Ahy (z, A+ ON)h_(z, A). (2.18)
Combining (2.17), (2.18) and (2.13), and taking A — 0, one can express the infinites-
imal transformation in terms of the diagonal of the Greens function as in (2.15). In [6]
Theorem 5.4, we computed this diagonal Greens function, and we deduce
—2 d 1 _[A] (A |4
X(u) = ———(5 - - )
Ve VA G S GRS

(A = —0o0)
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where the summands of this series are

diLA2m+1J — LA([_2F)A2m+1+A2m+1([_2F)AJ
T

as in (5.4) of [6]. Hence by summing the resulting geometric series, we have

|A(I = 2F) AN + A*) ™"+ AN+ A*) 7' (I — 2F)A].

3. ProDuCTS OF HANKEL OPERATORS

In what follows we shall require some of the concepts of abstract differential calculus
as developed in [11]. Let S be an associative and unital complex algebra. There is a
natural multiplication map p: S ® S — S, p(3 a; ® b;) = a;b;. We shall denote the

nullspace of this map as Q1S and so we have an exact sequence
0— QS —95S®S— 5 —0; (3.1)

In this section, we shall mainly be interested in the case where S = C(x), the space of
rational functions. In these cases, the tensor product S ® S may be regarded as consisting
of functions of the form ) f;(z)g;(y) acting on a product space. There are several natural

derivation maps that act on these spaces.

Definition 3.1. For S = C(x) define

(1) d: S — QLS : f—df or f(x) — f(z) — f(y), the noncommutative differential;

(2)0:5®@85 = S®S: f(z,y) — (r —y)f(z,y), the inner derivation on S® S as an
S-bimodule given by = € S;

(3) D:Q'S - S®S: fdg— f(x)%:z(y), dividing by x — y; in particular, D od :
S—>S®S:g(x)— %g(y) is the divided difference;

(4) 0: 58 = S: f(x)— f'(z), the usual derivative.

See (6.13) for a significant example.

Products of Hankel operators arise from rational differential equations, involving poles.
As is common in control theory, we let S be the unital complex algebra of stable rational
functions, namely the space of f(s)/g(s) where f(s),g(s) € Cls] satisfy degree f(s) <
degree g(s), and all the zeros of g(s) satisfy Res < 0. We allow poles at oo by adjoining
s to form S[s|]. Now let py,...,p, € C be distinct points satisfying Rep; > 0, and for
P ={p1,...,p, 00}, introduce the algebra

s+1 s+1

sy
s—D S — Dr

Sp =8 S, (32)
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by formally adjoining the inverses of (s—p;)/(s+1) € S. The possible poles of elements of
S, are in P or the open left half plane. For even m = 2n, let Qu, Q1, ..., Q2 € My (S)
and ine Q(s) € M,xn(S,) by

Q(s) = Qoo(s)s + Z % (3.3)

The residues are Q..(00), Q1(p1), ..., (p,). We assume further that Q(s)"T = Q(s),

where Q7 denotes the transpose. Let

0 -1,
J = 3.4
[@ O (3.4)
We also let (-,-) : C™ x C™ — C ((2;)T1y, (w;)Try) = Y72, zjw; be the standard bilinear
pairing, and || - || the operator norm on M,,x,,(C). Given a solution of the differential
equation
d
J—U = QU 3.5
d,]j Y ( )

for ¥ € L*((0,00);C) we can introduce a kernel k(z,y) = (J¥(z), ¥(y))/(z — y) which
operates on L?((0, 00); C).

Proposition 3.2. Let Q be as in (5.3) and suppose that [t | (t)||? dt is finite. Then
there exist Hankel integral operators 'y Ty € L*(L*((0,00); Myyxm(C))) such that I =
Z;il L'y Ty, determines a trace class operator K on L*((0,00); C™) with kernel

o N
k(z,w) = / ij(z + u)p;(w 4+ u) du (z,w > 0). (3.6)
0o =
Proof. Consider 95 : R® R — R® R : Oaf(z,y) = L f(z,y) + a%f(yc,y), S0 Op =
0®Id+ Id® 0. We have

SaK (z,w) = 2D (V(2) U (w) — ¥(w) " JU(z))
—Q(z) + Q(w)‘lf(w) W(w

Z—Ww Z—Ww

= U(z2)" (z), (3.7)

which is a finite-rank M, ., (C)-valued kernel. Here the entries of the difference quotient
(Q(z) — Q(w))/(2 — w) may be expressed as a sum of products of rational functions in
z and rational functions in w, which are bounded for z,w > 0 by the partial fraction
decomposition of (s) in (3.3). Note that

(z-a)7—(w-a)F _ T, ol

1 ...0 !

(w—a)d
in which the matrix R is constant on cross diagonals, and is real symmetric and satisfies

R? = I,.,, with trace R = 0 for even r and 1 for odd r, hence R is similar via a real
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orthogonal matrix to a real diagonal matrix with signature 0 or 1, respectively. From the

right-hand side of (3.6) we extract coefficients depending on w or z such that
N
OaK (z,w) = = 1(2)6;(w)
j=1

=0a /Ooozwj(z+u)¢j(w+u) du (3.8)

Also, k(z,w) — 0 as z — 0o or w — 0o. Likewise the right-hand side of (1.2) converges
to 0 as z — 0o or w — 00, so we have the identity (3.6). Recall that if [ ¢ lo(t)||” dt is
finite then I'y is Hilbert-Schmidt. The representation K = Zjvzl [y, L'y, then shows that

K is a trace-class operator. O

Theorem 3.3. Let k be a trace-class kernel as in Proposition 3.2, and let k,(u,v) =
k(x +u,x 4+ v). Then for all X € C, there exists a matriz function T(x,y) € Myxn(C)
for 0 < x <y that satisfies

0T 0T d
Gz m) = ey =2 T@n)Twy)  O<e<y) (9
and
dix log det(I + \K,) = trace T (z, x) (x > 0). (3.10)

Proof. Using Proposition 3.2, write K in the form Zjvzl [y, Ty, with1;, ¢; € L*((0,00); R),

or in matrix form

T, 0

K 0 _ Ly, .. Dyy ) : (3.11)

0 O 0o ... 0 ' '
I'yy O

Consider N x N matrix functions

[ 61

@1:[w1 P D=1 0

0

o

First we factorize K as a product of matrix Hankel operators. By Proposition 3.2 K is a
complex-linear combination of Hankel products I'yI's, where ¢, ¢ € L*((0,00); R). Given
measurable ¢ : (0,00) — R such that [;°t|¢(t)|?dt is finite, the Hankel operator with
impulse response function ¢ is self-adjoint and Hilbert—Schmidt, hence can be realised
by a linear system (—A, B, ) in continuous time with input and output space C; this

follows from [30]. We can apply this to the real and imaginary parts of the entries of ®;
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and ®,, and introduce for j = 1,2 the matrices

—A

J1

0 le C 0 le c. CjN

1o )

(=4, B;, Cj) = ( : : :
0 ... —An 0 ... B; 0 ... 0

We can suppose that there are linear systems (—A;, By, C1) and (—As, By, Cy) with state

space H and input and output spaces CV such that ®,(t) = Cie 1 B; and ®y(t) =

Cye 2By, Then

I A\l
det(I + AK) = det(I + AT'p, T, ) = det ol (3.12)
—Te, I
Let (—fl, B, C’) be the linear system
A A A —A 0 0 B AC 0
(_A7 Ba C) - ' ) ' ’ !
0 —Ag Bg 0 0 —CQ
which has impulse response function
5 o 0 ACie "B 0 APy(t
d(t) = Ce B = 1 Ho= 10 (3.13)
—OgeitA2B2 0 —CI)Q(t) 0
The operator function
. 00 . R 00 0 _ 7tAlBC —tAs
R, = / e ABCe A gt = / COEE T 3.14)
T T Ae_tAQBQCﬂE_tAl 0
satisfies the Lyapunov equation % = —R,A— AR, and we clearly have
dR . R
— CZE = e A BCe A (x > 0). (3.15)
Its determinant satisfies
det(I + Ry) = det(I +T'y) = det(I + AK). (3.16)

Let

T(x,y) = —C’e*“&([ - Rx)*le*yAé

To find this determinant, we consider the Gelfand-Levitan equation

~

(x4 y) + Tz, y) + /OO T(x,2)(z+y)dz=0 (0<z<y) (3.17)

which has solution

A ~

T(x,y) = —C’e’“i([ + Rx)’le’y‘ié
as one verifies by substituting the given formula into the equation. Also, the Lyapunov

equation gives

_1d}?x>

trace(f(x, ) = trace(([ +R,) o
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d R
= —logdet(I + R,).

dx
Also, T is a solution of
PT 9T d - )
w(%y) - a_yg(x’y) = —2<%T($a$)>T($>y) (0 <z <y).

Theorem 3.3 applies in particular to the sinh-Gordon equation, as in section 5.

Ezample 3.4. For the weight x*¢~* on (0, 00), Laguerre’s polynomials
dn
LY (z) = a:_o‘e”"d—(x”J’ae_;‘) (>0,mn=0,1,2,...)
l.n
are orthononal. Let uq(z) = e~/22@+D/2L (1) and w,(z) = ul,(x); then these give a

solution of Laguerre’s differential equation

0 —1] d [ua| _ |25t 4128 — 1 0] fua
1 0| dr |w, 0 1| |wy|’

so one can apply Proposition 3.2. In particular, for a = 1, we obtain a Hankel product

ui (2)ul (y) = uy()ua(y) _ /°° ui(z + D (y +1)
r—y o (e+0y+1)

The Laguerre system is associated with orthogonal polynomials for the weight x®e~

T on

(0, 00), which is the limit of the semi-classical weights *(1—x/n)™ from [25]. In section 6,
we consider the singular weight w, 4(s) = 2%¢~*~*/ which has log w, s(z) not integrable
over (0,1), hence lies beyond the scope of Szegd’s theory on asymptotic formulas for

orthogonal polynomials.

4. A LINEAR SYSTEM FOR DARBOUX ADDITION

The pair of linear systems (—A, B,C) giving I + R, and (—A, B, —C) giving I — R,
are related by a Darboux transformation, as discussed in Theorem 3.4 of [6]. As there,

we introduce the matricial system

. —-A 0 0 B C 0
(-A,B,C) = , , (4.1)
0 —-A B 0 0 C
which has impulse response function
. N i s 0 Ce™t4 0 t
b(t) = Ce B = “ = o(t)
Ce B 0 o(t) 0

Let
B = / cABCet gy
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0 e tABCe A
e tABCe 4 0

0 R,
R, O

so that when I + R, are invertible, we have

(I-R)™  —R(I- R~

E,=+R,) =
A s

We can then define

T(x,y) = —Ce (I + R,) e ¥4 B =

where
W(z,y) = Ce ™I — R>)"'R,e B
V(x,y) = —Ce "I — R*)'e B,
Proposition 4.1. (i) The functions V(x,x) and
S(xz) =logdet(I + R,) — logdet(I — R,)
satisfy
%S(m) =2V (x,x).
(ii) The Fredholm determinant satisfies
det(I — T2 ) = eXp<—4 /Oo(t V(1) dt),

(#i) and with q(x) = —4[A], the function

Uz) = exp<2 /:O V(t,t) dt) = exp(—S(x))

satisfies
d*U
a2 q(x)U(z).
Proof. (i) From Lyapunov’s equation, we have

C%S(a:) - % (1og det(I + R,) — logdet(I — Rx)>
_ trace((] Y R)IR. 4+ (I - Rz)‘lR;>
= —2trace<(] - Ri)’le’“BC’e’“)
= 20 (I — R%)'e™™B
=2V (z,x).

(i) Then

—V(z,2) =Ce (I - R) e ™B=|(I-R,)"'I+R,)]

(4.2)

(4.8)

(4.9)

(4.10)

(4.11)
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so by Lemma 2.5
d 0

—%V(J?, T) = 5% (I —R,)"'(I+R,)|
=|-24-2(I = R,)""(AR, + R,A)(I — R,)™']
= —2|A| —2Ce "I — R2)'e ™" BCe "¢ "I — R2)'e” "B
= —2]|A| =2V (z,2)%. (4.12)
and likewise
2W (z,2) = Ce ™ 2R, (I — R2)'e ™ B = [2R,(I — R,) (I + R,)| (4.13)

SO

ziW@wﬁnfp&ﬂ—Rﬁ*U+&M

dx oz
= |-4(I — R,) (AR, + R,A)(I — R,)™"|
= —4Ce™ NI — R} e ™ BCe ™ (I — R*)'e B
= —4V (z,x)? (4.14)
We have
d
—4V (z,7)? = QEW(.CE, )
= trace T'(z, 2)
= —trace C‘e’“i(f + }?x)’le"mé
d ) o .
= —%trace(f + R,) te *ABCe™ 4

2
= @tra(}e log(I + R,)

2

dx?
2

d 2
= @log det(! — R;). (4.15)

log det(I + R,)

(iii) Also
U(z) = exp?2 / Vit )t
satisfies U'(x)/U(z) = —2V (x, x), so as in Riccati’s equation
1" / 9
U (x)_(U(m)) :—2iV

(z, )

Ul(x) Ul(x) dx
= —4|A] — 4V (v, 2)?
——ala) - (55)° (4.16)
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so U"(x) = —4|AJU. O

Ezample 4.2. With ¢(z) = Ai(x/2), we have

[e.e]

d : :
Etracel“% ~ @), Ai(z + t)dt = —Ai(x),

So as £ — 0o we have
d
2V (z,z) = d—trace <1og(] +Ty,) —log(l — F%))
T

d
~ —2t r
o racel’y,

— —2Ai(2). (4.17)

This example is considered in detail by Hastings and McLeod [21].

5. SOLUTIONS OF THE SINH-(GORDON EQUATION
Howland [23] observed that Hankel matrices are analogous to one-dimensional Schrod-
inger operators with the role of the Laplacian played by Carleman’s operator

R A A (X)) (5.1)

Power [34] p. 18 gives several unitarily equivalent forms of this operator. Examples of
Howland’s operators have been considered in quantum field theory [7].

To obtain such operators in terms of linear systems, we recall Proposition 2.1 from [5].
Let H = L*((0,00); C) which has dense linear subspace D(A) = {f € L*((0,00);C) :
yf(y) € L*((0,00); C). Suppose that h € L*((0,00);R) and h(y)/\/y € L*(0,00). Then

we let
A:DA) = H: f(y) = yf(y);

B;:C—H: pw— h(y)exp(—é)ﬁ

Ci:H—-C: fr /000 exp(—é)h(y)f(y) dy (5.2)

where the input and output operators depend upon the real parameter ¢ > 0. Then we

introduce the impulse response function

o) = Cre=™B, — /0 " exp(—ay - %)h(yfdy (t>0) (5.3)

which satisfies the linear PDE
0% B
oxot

20, (5.4)
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which may be interpreted as a linear counterpart of the sinh-Gordon equation. We also

introduce

o0
R :/ e “AB,Cre™ " du.

In the following result, the pair (z,t) may be regarded as light-cone co-ordinates, rather

than space and time.
Theorem 5.1. For the linear system (5.2), let
S(z;t) = logdet(! + R(py)) — logdet(l — Rzy)). (5.5)

Then S gives a solution of the sinh-Gordon equation

9%S
Ox Ot

= 2sinh 2S. (5.6)

Proof. As an integral operator on L?(0,00), R, has a kernel

h(y)h(z)

y+z z

1 1
exp(—x(y +z) — t(; + —)) (y,z > 0) (5.7)
which has the form of a Howland operator. This R, evidently defines a Hilbert—Schmidt
linear operator on L?(0,00). Suppose for simplicity that h is real-valued. Then R, is
the Schur product of the Carleman operator I' from (5.1) with kernel 1/(y + z) and the
tensor product of h(y)e~*¥~*¥ with itself. Power [34] showed that I' has spectrum [0, 7],

hence R, is self-adjoint and positive with trace

00 h 2 1 00 h 9
trace Rz = / ﬂe—%y—?t/y dy < _/ (y) dy.
7 0 2y 2 Jo Y

So Rz is trace class and there exists xo > 0 such that for all z > x¢, we have || R, || < 1;
hence I £ R,y are invertible. (Similar results hold for complex h by polarization.)

Note that due to the special form of the linear system

OR,. _ _
_# =4 1R(ﬂﬂ;t) + RanA '
= A" (ARG + R A)A™
OR .
— g1 41
Ox
= A e ™4 B,Clem 4 AT (5.8)
gives an operator of rank one so
oS B _18R(z;t) —laR(z§t)
i trace(([ + Rzy)) o + (I — R(z)) 7)

= Ot€_$AA_1<] — R%m;t))_lA_le_xABt.
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We write 25(z;¢) = [ 9(s; t)ds, where ¢(z;t) = —4V (z,z) as in (4.10). By (4.12), we

have

za—i’ = —16|A4] — ¢ (5.9)

so by integrating with respect to z we deduce
8 [ee)
—2¢(x;t) = 88_x logdet(! 4+ R(zy)) — / V(y;t)? dy,

which implies when we differentiate with respect to ¢t and multiply by v, that

—Ma—w = 8¢ A log det(! + Rzy)) — ¥(;t) ) 2@/ﬁ(y; t)* dy. (5.10)
ot Dot ’ T
We also have
O AT + B | L + Ren) A~
ot (z5t) (z5t)

+2[(I = Riy)) "ATNI + Riay) ] L + Riany) A~ (I — Rayp)) '
—4[(I = Rigy)) "ATY(I + Riewy)) — 4L(I + Rie)) A" (I — Rwwy) '], (5.11)

and from (5.8),
0| A _ _ _
LA |40+ R )L+ R AT + Ry 4]

+ AU + R) AT + Reasn) J LT+ Rasny) A7
— (I + Rzt ) AT + Rea)) T A] = [A(I + Ru)) AT + Ry )+ (5.12)

Also, from (5.9) we have
0% olA] oY
S A . 5.13
Otox ot Y ot (5.13)
We need to combine the equations (5.10) and (5.13) and thereby obtain the sinh-Gordon
equation. The expression (5.11) involves factors I — R; whereas (5.12) involves only I+ R;
we reconcile these by multiplying by ¢ = 4| (I+R)/(I — R) |, which cancels out the factors

of I — R. From (5.8), we have
2

logdet(I 4+ Rizpy) = — A7 (I + R ] LI + Ripay) A7 + [A7 (I + Rz

Ox0t
+ [(I + R A7 5 (5.14)
hence from the * product (2.6) we obtain
82
1 1 :
wax&v ogdet(l + Rzy))

= —4|(I + Raa)) A7 [ (I + Riasty)(I — Ra)) ™ | |A™M (I + Rezp))]
+4[(I + Riaa)) A7 | (T + Ran)) (I = Rasry) ™|
+4[(I + Riauy) (I = Ras)) ™| [AT (I + Rz ) A7
= —4[(I + Rai)) (I = Riain)) ™ — (I + Rian)) A" (I + Ray)) A [AT (I + Rayr))|
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+ 9 = 4[(I + R A (L + Reagy) " A] + 00 = 4[A(I + Rigp) " A7 (L + Ry
(5.15)

hence we obtain
2

wafﬁx
=4|(I + Rau)) A (I + Riasey) "A| A (I + Rizwy) |
—4[(I + Riayn))(I = Ray) | [A™HI + Rz

+ ¢ — 4| (I + Raw)) A (I + Rawy) "A] + ¢ — 4| A(I + Rip)) "A™ (I + Ry |
=4|(I + Rizu)) A (I + Riy) A Vrl(] + Riey) |

+ 4| A(I + Riy)) "ATN(I + Rayy) | —

+ 1 —4[(I + Riun) A (I + Riapy)™ lAJ + ¢ — 4[A(I + Rgy)) AT + Riupy) |
=Y+ 4|(I + Ru)A ™ (I + Riyy) A [A7(I + R |

— 4| (I + Ray)) A7 (I + Ra)) A
19)
—v+2- 4], (5.16)

Hence (5.10) gives

logdet(I + Rz.y))

0 > On?
_2¢_w = 16§L | +8¢—¢(x;t)/ 8—Qidy (5.17)

0 (5.13) becomes

0x0t

27 + / Yy /OO ¢(v;t)a¢éz; 2 dvdy = 4/Oo U(y;t) dy, (5.18)

so we need to compare the integral in (5.18) with the sinh 25 term in (5.6).

2
Qaw_w_w /¢ awy,)y,

SO

We introduce the integration operator Fy, : L*(0,00) — L?*(0, 00), which depends upon
t >0 by

Fof@it) = [ usit)s(s)ds
Choosing f = 1, we obtain by induction the formula

n 1 n
Fjyo1(x;t) /wstds :m(Fwol) (x:1).

Now we express the right-hand side of (5.6) as a composition of operators

22n+152n+1 0 (F¢, o 1)2n+1
h2S = I S
sin Z (2n+1)! D (2n +1)!
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(o, ¢]
= Ftlol(ait) = (I - F}) ' FyoL(x;t).
n=0

Hence the equation (5.18) gives

oY _
~5 = A1 = F}) " Fyo L(z;t)
which gives
0?8
2 = 4sinh 25.
ETo sinh 25
which is the sinh-Gordon equation. O

Corollary 5.2. Let ¢ (y) = ¢(y + 2x;t), with ¢ as in Theorem 5.1 for (i) and (ii).
(i) Then
S(z;t) =logdet(l + 'y, ) —logdet(l =Ty ) (5.19)
satisfies the sinh-Gordon equation (5.6).
(ii) The function ¢(z;t) = logdet(l — Fiw)
some xo > 0 and ¢(z;t) — 0 as Rez — oc.
(iii) Now let

) is holomorphic on {z : Rez > xz¢} for

o(z;5/2) = /00 e~y dy (Rex > 0,5 > 0).
Then the conclusion of (z'z(')) holds for the associated Hankel operator Lo
Proof. (i) We have
det(I 4 ATy, ) = det(I + AOIZ,) = det(] + AZ,01) = det(I + ARy) (A € C),

so the formulas (5.5) and (5.19) for S(z;t) are equivalent, and the result holds by Theorem
5.1. See also [37].
(ii) By Cauchy-Schwarz inequality

|Gy (2)]* < [IR]IZ, / e~V h(y) [Pdy / e~ (rHAReRy gy,
0 0
hence the Hilbert—Schmidt norm satisfies

Tocols = | alon ()P
o0 [ —4t/y
<l [ ] e e} bRy 520
0 0

r+4Rez Y

where the inner integral is bounded and converges to zero as Re z — 00, so [|[I'y,_ %2 — 0

by the dominated convergence theorem, hence the result.
(iii) The conclusion of Corollary 5.2(ii) holds, but the hypotheses are not quite satisfied,

so we provide a special argument. Let

Ki(z) = / exp(—z cosh u) cosh u du (Rez>0) (5.21)
0
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be the modified Bessel function of the third kind of order one, also known as MacDonald’s
function of the second kind, which is holomorphic on {z Rez > 0} with |K;(2)] <
K (Re z). This also satisfies

et T et
< K(#) < ) —e Tt — t>0
. 1()_\/2te T (t>0)

by simple estimates following from coshu = 1 + 2sinh?(u/2). Then for o = 0, we have

o(x;5/2) = %Kl(z\/ﬁ) (5.22)

so [, x|p(x + 2x0; 5/2)[*dx is finite for all zo, s > 0 and we can deduce 1T llc2 — 0
as xy — 00, as in Corollary 5.2(ii). O

6. HANKEL DETERMINANTS

The Wishart ensemble is a standard model in random matrix theory [17, page 91]
which produces the Laguerre ensemble of random eigenvalues on (0,00). The Laguerre
ensemble is in turn used as a model in the theory of wireless transmission, and in an
integral model of quantum field theory at finite temperature [8]. The K P, KdV and
sinh-Gordon differential equation can be interpreted as aspects of a single hierarchy.

One can produce particular solutions to such differential equations in terms of the
Painlevé transcendental functions. Chen and Its [8] considered the singularly perturbed

Laguerre weight y®e™¥~*/¥ for y > 0 and o > 0. Let h(y) = y*/?, and observe that

¢(r;8/2) = /0 yre VY dy (6.1)

is a moment generating function for moments of this weight, so we have
ok oItk X itk /
—1) (—) x;8/2 :/ ATITETYTSY dy.
(0 () ol = [ y

xr=

Then the corresponding Hankel determinants are given by
o0 . n—1
D, (s) = det [/ yotithe—y=sly dy} (s>0n=1,2,...), (6.2)
0 J,k=0
which turns out to be the isomonodromic tau function for a particular sequence of so-
lutions of Painlevé III" differential equation. This terminology refers to the work of

Okamoto.

Ezxample 6.1. Let s = 0 and o > 0, let G(z) be Barnes G-function such that G(0) = 1
and G(z + 1) = I'(2)G(z), where I'(z) is Euler’s gamma function. Then by (1.19) of [§]

Gn+1)G(n+a+1)
Gla+1) ’

Dn(o) =
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Let o = 0. By Andréief’s identity [16], we have

det[(— )]+k’ QK(J+k 2)(t)] e

/ / H (coshu; — coshuy,)? H “teoshus cosh g du;  (6.3)
1<j<k<n 7=1

with K; as in (5.21). With the change of variable x; = 2/(1 + coshwu;), this may be

written as

[ [l __1>)ﬁ;q I >Hd

Jj=1 1<j<k<n

This is associated with the generalized unitary ensemble for the scalar potential

2
() = t(— - 1) +2nloga + (1/2)log(1 — z) — log(2 — ), (6.4)
xXr
with /
=2t  2n 1/2 1
/ e — —_— —
() = x2 * x 1—9@'+2—x7 (6:5)
and A
t =2 1/2 1
R (6.6)

TET T T U= e

Dyson introduced a technique for funding the asymptotics of such determinants, which
has been refined by Chen [10, page 4603] and others into the Coulomb fluid method. In
this, the point distribution n=! Z?Zl 0., of the z; is approximated in the weak topology

on probability measures as n — oo by a continuous distribution p which is found by

Hola) = p. [ " oly) dy

e LY T

potential theory. We write

for the Hilbert transform of p.

Fix £ € (0,1) and write t for 2n{. The zeros of u, (z) may be approximated by the
zeros of h(z) = (2n — 1/2)(x — 1)(z — 2)(z — t/n) by Rouché’s theorem, so we locate a
real zero of u) (x) near to 2£. Note that

w(2e) 1 1 1
n 22 2n(1—2¢)? T n(2—¢)?

is positive for all 0 < & < 1/2 and all sufficiently large n, so u, is convex near to this

minimizer. For a continuous V' : [0, 1] — R, we introduce the energy functional

([ vewwars [ [ wa), 69

where V' indicates an electric field and the log |z — y| term involves electrostatic inter-
action between points z,y € [0, 1], where the charge distribution is p. The equilibrium

distribution is ined to be the minimizer of this energy functional; see [35].
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We consider the approximate scaled potential that is given by the first two summands

in (6.4), namely

2
up(z) = 26(; - 1> + 2log z, (6.8)
with 2% 9 8¢ 2
ug(x):?—i-;; ug(:v)zﬁ—ﬁ 0<z<]l)

which has a local minimum at z = 2¢.

Proposition 6.2. (i) The equilibrium distribution for ug is oo, where
_\/(b—x)(a:—a) Ela+b) 2& 1
7o) = ( - +§—5) (a <z <b),
is supported on (a,b), where
A€
b= ——"=27 £ V4r —1).
“b= G o (T E VAT - 1)
(i1) For 1/4 < & < 1/2, the free logarithmic Sobolev inequality
9 b
Bualp) = Bunlon) < g [ (2 #p(o) = uila) Pple) de (6.9)

holds for all probability density functions p € L3(a,b).
(iii) Let p, be the minimizer of E,,/m(p) over all continuous p such that p > 0 and
fol p(x)dx = 1. Suppose that p, has a continuous density which is supported in a

single interval. Then p, converges weakly as n — co to 0.

Proof. (i) By standard results [35] Theorem 1.3 and p. 215, there exists a unique con-
tinuous probability density function on [0, 1] that attains the minimum of Ey(p) for

continuous V. We aim to solve the singular integral problem

b
2
ug(x) = P.V./ ;0_(3;) dy =21 H oo(x)

for the equilibrium density o subject to the constraint f; oo(y) dy = 1. Since vy is convex,
the solution is continuous and positive on a single interval (a,b), where 0 < a < b < 1,

and we have

iy VD@ —a) [ uple) — () dy
o) 22 / r—y  JO-9y—a
Vb —2)(z—a) [Pz ty) 2 dy
I /a< ) b-y)y—a
Vb —2)(@—a) (gla+b) 26 1
= ( - +ﬁ—5) (a <z <b), (6.10)

where the final step follows from the substitution y = a+(b—a) sin® ¢ and some elementary

integrals. The initial factor has the form of a semicircular distribution, which is modulated
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by a rational function with poles at z = 0 outside of the support interval (a,b). The

endpoints of this interval are subject to the constraints

B B 27T£(a+b) 27
0= /\/b—x (xr —a) B abvab \/_

and
zug(z) d 4mé
1= 0 =27 — ——=,
\/ (b—x)(z —a) Vab
so that
2m2E 2m€ 2
ab= (w—1/2)2¢7r—1/2\/(7r—1/2)2_1' (6.11)

(i) We have uj(z) = (82 — 2x) /x> > 8 — 2 > 0. The result follows from Theorem
3.1 of [3].

(iii) Returning to the original potential, we have w, = nug + f where the correction
term f(z) = (1/2)log(l — x) — log(2 — z). There is a corresponding correction to the

equilibrium density, p, = oo + j/n where
Alz) = 7T2\/b—1x @—a) pv/ e
:27T2\/(b—1m)(:p—a / . (1i/§+2iy>dy
ey el s f1 )

1—=z r—2

where all the roots are positive square roots and we have used the evaluation (258) in the
Appendix to [10]. This has the form of an arcsine distribution, modulated by a rational
function with poles outside (a, b). O

Biane [3] interprets the tangent space to L*(0p) as a space of functions with finite
Dirichlet norm, which has a natural interpretation in the present context. Let ¢ : (a,b) —
R be a differentiable function such that

9 x V(0 —y)(
Y)° = 27T2/a \/(b—m)(x—a / y) dydz, (6.12)

is finite. Then by results of [9], the asymptotic distribution of a linear statistic Zjvzl P(z;)
is a Gaussian with mean IV f; Y(x)oo(x) dz and variance o(1))? where o (1)) depends upon
[a,b] but not upon the equilibrium distribution oy itself. In terms of the Chebyshev
polynomials, we introduce ¥((a + b)/2(+(b — a)t/2) = >, a;T)(t) where

dt

= [ wla+vize - @)t/2)T(t) ——s
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so the variance is o(¢)? = > 2, kai /4. Then we introduce ¢(0) = ¢((a + b)/2 + (b —

a) cosf/2) has an expansion

»(0) = (1/2)ag + Z a, cos k0,

k=1

which gives a self-adjoint and Hilbert—Schmidt Hankel matrix 'y = [a;14]5%—0-

Remark 6.3. In their study of the Laguerre unitary ensemble, Forrester and Witte [18]
obtain solutions of PIII" from similar formulas involving the modified Bessel function
of the first kind [,, although their Corollary 4.5 has a Toeplitz rather than a Hankel

determinant.

Ezample 6.4. For s,z,a > 0 in (6.1), consider

v(z):—alogz+\/§<z—l—%> (z>0).

By a simple scaling, this is the scalar potential that one needs to study the determinant
(6.2) with weight y*e=¥~*/¥ on (0, 00). Then v is convex with
v'(z) = o z
M:——l—\/sx( +y> (6.13)
zZ—y z 2292

a sum of products of rational functions of z and y, and there exist b > a > 0, such that

the integral equation

v(z) = 2/ log |z — y|p(y)dy + C (z € (a,b)) (6.14)

for some C' € R with the normalization p(y) > 0 and

/abp(y)dyz 1,

o) = YO 2_;}2—2_ 2 [g + 5T \/S_G %)]

z 22 2z
by a similar argument to (6.10). We need a > 0 to ensure that the resulting p is integrable.

has solution

(a <z<b)

The relevant integrals arise from (248) in the appendix to [10]. Let (P; )52, be the monic

polynomials that are orthogonal for the weight e=Vv(2)

, which gives rise to the integral
equation (6.14) multiplied through by N, with the normalizations preserved. Then using
the results of [9], we observe that N ff p(x) dx gives the number of zeros of Py y(z) and

have an asymptotic formula

b
log Pyn(2) ~ N / log(z —y)p(y)dy (N — o0)

for z € C\ R. This type of double scaling is standard in random matrix theory and

addresses the singularity of the weight; see section 4 of [9] for more details.
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