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INCOMPLETENESS OF SINCLAIR-TYPE CONTINUUM FLEXIBLE
BOUNDARY CONDITIONS FOR ATOMISTIC FRACTURE SIMULATIONS

JULIAN BRAUN AND MACIEJ BUZE

ABSTRACT. The elastic field around a crack opening is known to be described by continuum
linearised elasticity in leading order. In this work, we explicitly develop the next term in the
atomistic asymptotic expansion in the case of a Mode III crack in anti-plane geometry. The
aim of such an expansion is twofold. First, we show that the well-known flexible boundary
condition ansatz due to Sinclair is incomplete, meaning that, in principle, employing it in
atomistic fracture simulations is no better than using boundary conditions from continuum
linearised elasticity. And secondly, the higher order far-field expansion can be employed as a
boundary condition for high-accuracy atomistic simulations. To obtain our results, we develop
an asymptotic expansion of the associated lattice Green’s function. In an interesting departure
from the recently developed theory for spatially homogeneous cases, this includes a novel notion
of a discrete geometry predictor, which accounts for the peculiar discrete geometry near the
crack tip.

1. INTRODUCTION

Fracture mechanics has long been a cornerstone in the understanding of material failure,
providing essential insight into the initiation and propagation of cracks in diverse structural
components [I8,27]. On length scales where continuum fracture mechanics ceases to accurately
describe matter, atomistic modelling techniques, particularly molecular dynamics (MD) simu-
lations, have emerged as powerful tools for investigating atomistic fracture processes [4]. The
accuracy of these simulations crucially depends on the appropriate specification of boundary
conditions, which describe the state of the material and its surroundings outside of the core
region of interest, e.g. the crack tip.

Traditional atomistic simulations often employ periodic boundary conditions (PBC) to miti-
gate finite-size effects and mimic an infinite material [14]. While PBCs have proven to be very
effective for systems naturally permitting a periodic setup (e.g. localised defects), their use in
the modelling of fracture is limited, since a half-infinite crack breaks the translational symmetry
of the system. Trying to mitigate that while retaining a periodic setup may introduce artificial
constraints that limit the realism of the simulated fracture process [4].

An alternative commonly employed is to prescribe boundary conditions from continuum frac-
ture mechanics, either simply from linear elasticity or from an asymptotic expansion that is
based on the continuum theory (the so-called flexible boundary conditions due to Sinclair and
co-authors [25] 23, 24]). Such an approach has been employed in a number of recent atomistic
studies of fracture |20} 2, [15] 17, 28], 29]. As recognised in a growing recent mathematical liter-
ature on this topic [I3], 5] 6] [7, 21], for such an approach to be convergent, that is to not lead to
a build-up of numerical artefacts near the boundary of the computational domain, one needs to
ensure that the prescribed boundary condition exhibit atomistic asymptotic consistency up to
a certain minimal order. This condition is called an approzimate equilibrium in [13]. Moreover,
prescribing boundary conditions with higher order atomistic asymptotic consistency leads to a
corresponding quantifiable increase in the accuracy of the resulting numerical method.

Unlike for dislocations and point defects, in the case of fracture, it follows from a simple
Taylor expansion argument (see [9, Section 3.]) that the zero order boundary condition, that
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2 JULIAN BRAUN AND MACIEJ BUZE

is the linearised continuum elasticity boundary condition, is only convergent for simplified anti-
plane mode III models [9]. It thus raises the question whether the higher-order terms in the
continuum-theory-based asymptotic expansion proposed by Sinclair can lead to atomistic as-
ymptotic consistency.

In the present work, we focus on the simplified anti-plane mode III model first analysed in
[9, [10] and rigorously develop the next order in the atomistic asymptotic expansion. While the
known zero order boundary condition (coming from continuum linearised elasticity) is given, in
polar coordinates x = r(cos#,sin ), by

Kr'/?sin(0/2),
where K > 0 is the (rescaled) stress intensity factor, we prove that the next order is given by

CoK° —1/2
64
) (L)

1
Cy(K)r~%sin(—0/2) + (logrsing + —sin %),

6

where C1(K) is a real constant depending on K and Cj is a real constant depending on the
interatomic potential. The first term (S) corresponds to the aforementioned ansatz by Sinclair
(see |23, Appendix 2| and Remark , which in this case predicts the first order boundary
condition to be simply of the form

C1(K)r Y2 sin(—6/2).

We thus show that this ansatz is incomplete, as it misses the part (NL). As we will see in all
detail in Section this term comes from the nonlinearity and can be seen as a solution to the
corrector equation (7.3]). The striking generic conclusion is that atomistic fracture simulations
employing continuum-theory based flexible boundary conditions are only as accurate as the ones
employing the zero order boundary condition. We note that such agnosticism of continuum
fracture theories to atomistic effects and nonlinearities has recently been studied numerically in
[17].

A further result of our analysis here is a full characterisation of the constants Cy and Cy. While
(% is simple and explicit, C; depends non-trivially on the precise discrete behaviour around the
crack tip. While the precise characterisation of C| we give here is a lot more involved, this is in
line with the discrete nature of the defect dipole tensors for point defects, see [6], [7].

To obtain our results, we follow the atomistic asymptotic expansion framework developed
in [6] for the spatially homogeneous case (e.g. for point defects and screw dislocations). The
first step is a Taylor expansion of the energy around the reference configuration, followed by
approximating finite differences with continuum differential operators and a grouping of terms
according their far-field decay. This allows us to define a linear PDE to which (NL) is an explicit
solution. The term (S) is an analogue of the multipole expansion from [6], however the precise
structure is much more complicated, because the lattice Green’s function is not spatially homo-
geneous. As a result, to find the right constant C1(K) in (S), a higher order expansion of the
lattice Green’s function in the anti-plane crack geometry is first established. In an intriguing
and non-trivial departure from the homogeneous case, this requires an introduction of the novel
notion of a discrete geometry predictor, which accounts for the fact that near the crack tip, the
complex square root mapping, present in the definition of zero-order Green’s function predictor,
distorts the lattice too much for that predictor to correctly capture the discrete effects there.
This predictor is truly discrete, in the sense that it is defined as solving a linear discrete PDE.
Our result in particular provides an explicit example of the extra complexity of trying to include
the spatially inhomogenous cases in this theory.

Outline of the paper. The paper is organised as follows. Section [2]is devoted to the presen-
tation of the main results. We introduce the atomistic model in Section 2.1] and recall what
is already known about it. Section is devoted to establishing results about the first order
asymptotic expansion for the equilibrium crack displacement. In Section the corresponding
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results for the Green’s function are gathered. Section [3]is devoted to finite-domain approxima-
tion — we establish a convergence rate result and, based on that, present a numerical simulations
confirming the veracity of the expansion. This is followed by conclusions in Section @l The
proofs are gathered in the last three sections.

2. MAIN RESULTS

2.1. The atomistic model. The setup closely follows the one studied in [9]. We consider the
two dimensional square lattice

A:={m— (%,%) | m € Z%},
with a crack opening along
FO = {(.%'1,0) ‘ I S 0}

and the origin of the coordinate system coinciding with the crack tip. We distinguish the atoms
lying on the crack surface as

=T ul_, Ty:={meA|[m <0, mo==%3}.

The atoms are assumed interact with its nearest neighbours, which, in a homogeneous lattice,
gives the set of interaction stencils

R = {ela €2, —€1, _62}7
and in a cracked crystal we have, for any m € A,
f r
R(m) = R orm¢gT,
R\ {:F€2} for m € I'.

Given an anti-plane displacement u: A — R, the usual finite difference operator is
D,u(m) :=u(m + p) — u(m) and, reflecting the definition of the interaction stencils, the dis-
crete gradient Du(m) € R” is given by

D,u(m) if p € R(m),
(Du(m)), = ¢ . (2.1)
0 if p € R(m).
This allows us to define the discrete Sobolev space
1/2
H = {u: AR | Due éz(A)}, ||z = ”DUH@(A) = (Z ]Du(m)\Z)
meA
Note that || - ||;; defines a semi-norm. One can use equivalence based on constant shifts or

specify the value at a specific atom when a norm is required. '
The primary object of our study is the energy difference functional £ : H! — R given by

E(u) := Y _ V(Dig(m) + Du(m)) — V(Diig(m)), (2.2)
meA
where V : R® — R is an interatomic potential, which in our case takes the form
V(Du(m) = > ¢ ((Du(m)),),
PER

where ¢ € C¥(R) for k > 6 is assumed to satisfy anti-plane mirror symmetry [5, Section 2.2|.
The function 4 in (2.2)) is the continuum linearised elasticity predictor given by

to(m) = Kwy(m), (2.3)

where K > 0 is the stress intensity factor and acts as a loading parameter, and w : R?\ Ty — R?
is the complex square root mapping given, in polar coordinates x = r(cos@,sinf), by

w(z) = (wi(x),w2()) := v/7(cos §,sin §). (2.4)

The following results hold in this zero-order case [9, Theorem 2.1, Theorem 2.2].
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Theorem 2.1. The energy difference € is well-defined on H' and k-times continuously differ-
entiable.

Theorem 2.2. [f K > 0 is small enough, then there exist a locally unique ug € HY minimiser
of £ which depends linearly on K and is strongly stable, that is there exists A > 0 such that, for
all v e H,

%€ (o) [, 0] = Alfw|Fs-
Furthermore, ugy satisfies

|Dag(£)| S C(K)|e 72+, (2.5)
for an arbitrarily small § > 0 and a constant C that depends on K.

Remark 2.3. We note that while it is claimed in [9] that the dependence in K is linear, this only
applies to the small-loading regime, i.e. when K is assumed to be small enough.

2.2. Higher order predictors and the improved decay of the atomistic corrector. In
the present work, we succeed in developing the full equilibrium displacement field u = g + g
from Theorem into an expansion

u = Uy + Ug (2.6&)
=g + U1 + Uy (26b)
= Ug + U1 + U9 + Uo, (2.6¢)

where the predictors 4 and s have explicit functional forms, satisfy, for ¢ = 1, 2,
D (0)] S €]~ log |1,

and, crucially, fully capture the behaviour of u at this order, in the sense that the following is
true.

Theorem 2.4. The corrector iy € H', defined in ([2.6)), satisfies
| Diia(s)| S |s| 7>,
for an arbitrarily small § > 0.

For proof, see Section [7] For now we merely state the formulae for 4; and s and defer the
discussion on the derivation to the proof. In polar coordinates z = r(cos,sin ), the predictor
1 is given by

X K® (o) gy —1/2 L. 50
Gy (x) == —6—4q§ (0)r <logrsm + 6 sin % ) (2.7)
tn(2) = 28 _ o1z gy g (2.8)

|z
where C'is a specific constant obtained from a summation over the whole lattice of terms related
to a higher-order expansion of the lattice Green’s function, which we will discuss in Section
The precise formula for w9 is given in (7.8]).

Remark 2.5. A flexible boundary approach to atomistic modelling of fracture, as introduced by
Sinclair in [23] and also discussed in [24] (Section I1.C, the Flez-S approach) concerns dividing the
computational domain into a core atomistic region, where atoms are free to vary and a transition
and a far-field region, in which atoms are prescribed to follow a displacement determined by a
truncated series of higher-order continuum expansion. In our case of an anti-plane model with
a pair potential (thus ensuring isotropy), this expansion, as presented in [26], is given by, for
x =r(cosf,sinf) and the corresponding complex number z = rcosf + irsin 6,

ZCJImag 1-9) ch : J)Sm<(1—223)0>,

The incompatibility of forces in the transition region is resolved by finding optimal prefactors c;
which minimise the generalised forces, which are the variations with respect to the coefficients of
atoms in the transition region. For this approach to be accurate, it is crucial that the expansion
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correctly captures the asymptotic behaviour of the equilibrium displacement. In particular in
the Sinclair’s ansatz, the second term in the expansion, with behaviour of order O(r=1/2), is
given by ¢;7 '/ sin(—0/2) and the third, capturing O(r—3/2) behaviour, by cor~3/2 sin(—360/2).
Our result shows that, up to log terms, the O(r~/2) behaviour includes two extra terms that
are missing from the Sinclair ansatz, namely

1,2 (r_1/2 logrsin% +pt/21 G sin 529>

They arise from the nonlinearity of the interaction potentials. We have thus established that
the Sinclair-type approach to flexible boundary conditions is incomplete. To fix it, one should
also optimise the prefactor cq o.

2.3. Higher order expansion of the Green’s function. To prove Theorem a higher-
order development for the associated lattice Green’s function is also needed. We recall from [9]
that the lattice Green’s function

G: AxA—R

corresponding to the model described in Section is defined as the solution to the pointwise
discrete PDE

—DivDG(m, s) = d(m,s), G(m,s)=G(s,m), (2.9)
where the discrete divergence, which, for g : A — R is defined as
—Divg(m) := > gp(m — p) — gp(m), (2.10)
PER

and the gradient are both applied with respect to m. Note that if ¢ = Du for some u: A — R,
then the discrete divergence operator naturally respects the structure of D defined in (2.1)), in
the sense that, for u, v compactly supported, summation by parts holds, that is

Z( DivDu(m ZDu Z Z )D,v(m).

meA meA meA peR(m)

The following is already known.
Theorem 2.6 (adapted from [9]). There exists G satisfying (2.9)), such that, for any § > 0,
|D1D2G(m, 5)| < (14 [w(m)[[w(s)]|w(m) —w(s)*)7", (2.11)

where w is the complex square root mapping defined in (2.4). In particular, it admits a decom-
position

G = Go + Go, (2.12)

where

~

1
Go(m, ) = F(-~w(m) + w(s)) + F(-w(m) +w*(s)), F(z)=—_—logla| (2.13)
and Go(-, s) € H' (and hence, due to variable symmetry, in the other variable too).

We note that Gy satisfies the decay rate in with § = 0. KEstablishing the same rate
of decay, up to an arbitrarily small § > 0, for G is the main technical achievement of [9] and
follows from a rather involved argument bearing resemblance to arguments in the regularity
theory for elliptic PDEs [3].

In the present work, we rely on this zero-order analysis and refine it by realising that the
far-field predictor Go is not enough to obtain a corrector which decays faster everywhere away
from the source point s. In fact, as part of our analysis, we will show that the decay rate in

([2.11)), with § = 0, is sharp for Gy when m € B4 (0).
8

To remedy this, we introduce the novel notion of a discrete geometry predictor, @1, which
accounts for the fact that near the crack tip, the complex square root mapping w, present in
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the definition of Go, distorts the lattice too much for Gy to correctly capture the discrete effects
there. In particular, we decompose the full lattice Green’s function G from Theorem as

G = Go + C_;o
= Go + Gl + C_ﬁ,
noting that in other words we have Gy = é1 + Gi.

Definition 2.7 (Discrete geometry corrector Gl) A function G1: A x A — R is called the
discrete geometry corrector if, for all m,s € A,
—2ws($)

—DivDGy(m, s) = 5]
s

DivDws(m),

where, again, we recall that wy is the second component of the complex square root mapping
([2-4), and furthermore, for any s € A, it holds that G1(-,s) € H'.

To motivate this definition, we recall the explicit formula for Go given in (2.13]) and Taylor
expand both terms in F' around w(s) to obtain
—DivD[Go + G1](m, s) = —DivDG1(m, s) — DivDw(m) - (VF(—w(s)) + F(—w*(s))) + O(|s| ™).
Noting that
—2ws($)

|s|

VF(—w(s)) + F(—w*(s)) = [0, 2V2F(—w(s))]T and 2(VF(-w(s)))y =

and that we would like the lowest order term to cancel out with —DivDGl(m, s), we arrive at
the equation in Definition Note that the problem of finding G is non-trivial since we & H!.
We prove the following.

Proposition 2.8. There exists a discrete geometry predictor Gi: A x A = R in the sense of
Definition [2.7 and it admits a decomposition

Gi(m, s) = G (m)Gi(s), (2.14)

where G5 (s) = 72%(8) and G* € H' satisfies

DG (6)] < o7/
fori=0,1.

The proof will be presented in Section [6.3]

As the name implies, the discrete geometry corrector is specifically important when |m| is
small and thus close to the crack tip. To account for that we additional introduce a cutoff
function u (see for a precise definition) and adjust G to

Gru(m, s) = p(m, 5)GT (m)Gi(s). (2.15)
In particular, we then have the remainder Gy ,(m, s) defined by
G = Go + GLH + Gl,#' (2.16)

This does indeed allow us to resolve the terms on order O(|s|~3/2) as we state in the following
theorem.

Theorem 2.9. It holds that
|D1D3Gh (L 5)] S || 72011 (2.17)
for €| <|s|/16.
See Section [6] for the proof.
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3. NUMERICAL APPROXIMATION

In this section we discuss numerical approximations to the infinite lattice problem from Theo-
rem 2.2 and present how the results of Section 2.2 can be used to supply more accurate boundary
conditions for numerical simulations. The setup largely mimics the one presented in [5], O] and
is as follows.

We introduce a generalised energy difference functional

Eugroa ) = D D ADyttgea(m) + ulm)) = o(Dyiio(m)),
meA peR(m)
where u;()r)ed = Z —o Ux and we will directly compare the cases when ¢ = 0, 1,2. It is immediate

that finding

u; € argmm{é'( pred, ) | u e H'} (3.1)

is equivalent to finding argmin, ;1 & (u) defined in via the the expansion ([2.6)).
The object of our study in this section is a supercell approximation to (3.1]) constrained to a

finite domain Ag := Br N A and with u( ) req Drescribed as a boundary condition on A\ Ag. It
can be written as a Galerkin approxnnatlon glven by

alt € argmln{g( u) | u € H'(AR)}, (3.2)

pred’
where

HO(AR) :={v: A= R|v=0 in A\ Ag}.
The following result is an immediate consequence of Theorem with the proof as in [5],
Theorem 3.1|, which in itself in a concise restatement of a corresponding result in [13].

Theorem 3.1. Let uy be a strongly stable solution to (3.1), meaning that there exists some
C > 0 such that

528 () 1 w)lv, 0] = O],

for all v with compact support. Then there exist C, Ry > 0, such that for all R > Ry there exists
a stable solution ul* to (3.2) satisfying

a5 — a2l S R

This is a significant improvement upon the known convergence rate ||aff — ol < R™Y/2+8,
where > 0 is arbitrarily small, as established in [9, Theorem 2.8].

3.1. Numerical tests. Based on the presented numerical approximation framework, we now
discuss numerical tests we have conducted, through which we numerically verify the result of
Theorem 2.4 We also do a slightly broader comparison in which the boundary conditions are
set to be given by (i) do, (i) 4o + @ and (iii) wg + @1 + Gs.

In particular, we consider a finite domain A N Br with R = 256, resulting in 200772 atoms
being simulated and focus on the case where the pair potential is given by

6(r) = 5 (1 - exp(-3r%))

as considered in [9] 10, [I1]. We further prescribe the stress intensity factor K, which enters as
a prefactor in 4 (c.f. (2.3)) and in @; (c.f. (2.7)), to be K = 0.4, which is below the critical
K¢ =~ 0.49 reported in [II], Table 1], thus ensuring the crack remains at the centre of the domain.

To prescribe the full first order predictor ugz}d = qg + U1 + U2, we need to compute the
constant entering as a prefactor in the formula for o in . We obtain it with a bisection
approach, which is sufficient for our purposes, but it is certainly the aim to make this procedure
automated, e.g. by combining it with the NCFlex scheme from [I1] and treating this constant
as an extended variable of the system.

To find correctors u; we, we employ the Julia library OPTIM.JL [19] with their implementation
of the Conjugate-Gradient algorithm with line searches, terminating at fo.-residual of 1078,
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To elucidate the intermediate impact of introducing the predictor 41, not only do we present
the decay of the corrector |Du;|, but also of the forces when atoms are displaced according to

u=u"" . which is given by |DivVV(Du(i)

pred? bred)|» Where we use the concise notation

V(Du(m)) = ¢((Du(m)),).

PER

Finally, we also plot the decay of the linear residual |DivV2V (0)D;(m)|, where we note that
since ¢”(0) = 1, we have V2V (0) = Id. The results are presented in Figure

Decay of the corrector
zero order case

Decay of the corrector
first order case

Decay of the corrector
second order case

1072 1072 1072
¥ m|~32log|m ~ |m|=32log|m
gl ~~|.,|\ giml gL ~-|\|_ giml S N ~ |m|~*?log|m|
ilo ilo §10
§ 107 § 1075 § 107°
] 9 3
5107 5 10°° 510°¢
O (@] &)
1077 1077 1077
-8 -8 -8 .
107 8 16 32 64 107y 8 16 32 64 107 8 16 32 64
Distance to the crack tip, |m| Distance to the crack tip, |m| Distance to the crack tip, [m|
Decay of forces under predictor Decay of forces under predictor Decay of forces under predictor
zero order case first order case second order case
1073 =103 g 1073
= g ~
= = <3
L0 f 104 “ + 1074
3 p . :
— < N,
21075 §10-s AN 51075
N ~ S
-S g N~ |m| 712 g
—_— >
w1076 510°¢ 2106
=107 2 1077 g 1077
& N Y
o -
1078 108 2 “ 108 i
4 8 16 32 64 4 8 16 32 64 4 8 16 32 64
Distance to the crack tip, [m| Distance to the crack tip, [m| Distance to the crack tip, |m|
Decay of the linear residual Decay of the linear residual Decay of the linear residual
zero order case first order case second order case
E10-3 E10-3 E10-3
S S S
Q Q Q
S 104 S 104 o 10-4
NS, 10 § 10 :S 10
2 2 2
5107 5107 5107
T T T
; 10-° -(3 106 _g 10-6
%) [ [
4 4 4
s 1077 % 1077 s 1077
g g g
- 1078 - 1078 R - 10—8 D
4 8 16 32 64 4 8 16 32 64 4 8 16 32 64

Distance to the crack tip, |m| Distance to the crack tip, |m| Distance to the crack tip, |m|

FIGURE 1. Top row: the decay of |Du;(m)| for i = 0,1,2 (left to right). Middle row: the
decay of forces |DivVV(Dul(Dir)ed)| for i = 0,1,2 (left to right). Bottom row: the decay of the
linear residual [DivV2V (0)D1;(m)| for i = 0,1,2 (left to right). We can clearly see that while
prescribing uélrl 4 = Uo + Uy as a boundary condition improves the decay of forces (middle row)

and the linear residual (bottom row), it fails to improve the decay of |Duy(m)| and additionally
U9 is needed.
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We note that while Theorem [2.4] suggests that, up to log terms, we have |Dig(m)| < |m| 72,
we in fact observe an improved rate

| Diay(m)| S [m| /2.

We are at present unsure whether this is generic behaviour to be expected (akin to how con-
sidering mirror symmetry in [5] led to proving an improved decay, which was first numerically
observed in [16]), or whether it is a numerical artefact of our finite-domain approximation. We
hope to address this issue in future work. In any case, the simulations confirm that @+ 41 + 2
exactly captures the far-field ~ |m[‘3/ 2 behaviour, which was our primary aim. Note however,
that to prove such an improved decay result, new non-trivial ideas seem to be needed.

4. CONCLUSIONS AND OUTLOOK

We have fully developed the first order correction term in the atomistic asymptotic expansion
of the elastic field around a Mode III crack in anti-plane geometry. As a result the well-known
flexible boundary condition ansatz due to Sinclair and co-authors has been proven to be in-
complete, which can have far-reaching consequences for the atomistic simulations of fracture.
To obtain our rigorous proofs, we have also succeeded in providing a higher order description
of the associated lattice Green’s function. In the process, we have thus shown a first explicit
example of how to expand the theory developed in [6] to more complex geometries that can no
longer rely on the homogeneous lattice Green’s function but has to account for genuine spatial
inhomogeneity.

In the future, we aim to use the ideas developed here to heuristically derive a correct atomistic
asymptotic expansion for a variety of fracture models, including for Mode I vectorial models and
combine this ansatz with numerical continuation tools developed in [11].

5. PROOFS: SETUP, PREREQUISITES, AND TOOLS

5.1. Cut-offs.

Definition 5.1 (Cut-off functions). Consider a generic scalar cut-off function 7 : [0,00] — R
satisfying (z) = 1 on [0, 3] and /(z) = 0 for z € [1,00) and smooth and decreasing in-between.
The class of lattice cut-off function we will employ are n: A — R defined as

nm) = (151, (5.1)

where the constant ¢ and two lattice points £, s € A will always be specified. As a result, Dy is
only non-zero in an annulus that scales like |s| and in particular [D7n(x)| < |s|77.

Lemma 5.2. Suppose u,v,n: A — R and n is compactly supported. Then

> Du(m) - Dlon)(m) = Y Dlun](m) - Dv(m)

meA meA

+ 3" w(m) (Dn(m) - Du(m)) — u(m) (D - Do(m)).

meA

Proof. The result follows directly from realising that we can rewrite D,[vn](m) as

Dy[vn](m) = u(m + p)n(m + p) — v(m)n(m)
=v(m+ p)n(m + p) —v(m)n(m + p) + v(m)n(m + p) —v(m)n(m)

=0
= Dyv(m)n(m + p) +v(m)Dpn(m)

O

and applying this rewrite to D[vn| on the left-hand side and to D[un] on the right-hand side.
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5.2. Properties of the function spaces. Let us collect a few important properties of functions
in H'. Remember that we set (Du(m)), = 0 when the bond crosses the crack. The following
statements closely follow the full homogeneous case though, despite this difference.

Lemma 5.3 (Poincaré on sliced annulus). There are Cp, Rp > 0 such that for all R > 0 large
enough and all v

v = (V)spllesq S BlIDv[les,).
where (v)y, = ﬁZmeER v(m) and X := (Ber(0) \ Ber(0)) NA, X% := (Beyrt+rp(0) \
BclRpr (0)) NA.
Proof. This is basically [12] Lemma 7.1]. Note however that we use the sliced annulus which in

our notation means Du is set to 0 for bonds that cross the crack. This does not impact the proof
in any meaningful way though, as the continuum result on the sliced annulus holds true. O

Lemma 5.4 (Density of compactly supported functions.). H,. is dense in H with respect to the
|Dv||p2 semi-norm.

Proof. This is a standard consequence of Lemmal5.3|when combined with a cutoff as in Definition
Indeed on just sets v, (m) = (v(m) — (v)y, )n(m) with n(m) = ﬁ(lnﬂl) and the annulus based
on ¢y = 1/4, ca = 5/4. Then one can calculate

[Dv = Dupllez S [((D0) (1 = n(m + p)))perlle + [I(0(m) = (v)s,) Dn(m)|le

< IDel By yatop + 0 = @), e,y
S IDvlle2(a\Bs,,4(0)) + 1DVlle2(s,)
S IDvlle2 (a8, 5(0))-
And this last term goes to zero as n — oo. O

Lemma 5.5 (Discrete Sobolev Embedding). If Dv € (P for some 1 < p < d = 2 then there

exists a constant ve, such that v — ve € 7" where p* = ;fpp is the Sobolev conjugate.

Proof. Without the crack in the geometry, the statement can be found in [22] Prop. 12(iii)].
Note though that now Duv is set to 0 when crossing the crack I'g.
It holds that

11l @2\rg) S [1flwte@2\ro)

for all f € WHP(R?\Ty) according to [1], as R?\I'y satisfies the cone condition. A simple rescaling
gi(x) = f(tx) for t > 0 then shows

2 2 2
1-= _Z 1-2
t Pl fller @evre) St PIfllizr@avro) T PUVFllLe@e\re)-

2
Dividing by 7P and sending t — oo reduces this to

11l o= w2\roy S IV FllLe@2\ro)s

where we used that R?\I'g is preserved under the rescaling.
Now, for any discrete v € H,. we can use an interpolation (e.g., the one discussed in Section
5.3]) to conclude that

[oller 4y S [1Dvlen(a)-
The statement then follows from the the density of H., Lemma [5.4] O
Lemma 5.6. Suppose v: A — R satisfies
[Do(m)| < |m|™*
for some a > 1. Then there exists a constant veo, such that

[v(m) = veo| < [m|' 7.
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Proof. Choosing any p with % < p < 2 we can apply Lemma and in particular obtain a shift
Uso such that v — vse — 0 at infinity. A simple telescope sum to infinity that does not cross the
crack then proves the result. O

5.3. Interpolation of lattice functions. Given a lattice function v : A — R, it will be useful

to define an interpolation operator to obtain Iv : R%2\ I'g — R. We begin by recalling how this

was handled in [9, Section 4.2.1.], followed by necessary modifications needed for our purposes.
We begin by defining

Qr —{x€R2]x1< 5, T2 € (—%,%)}\Fo, Qo —Qrm[ 2,;]2, Qo:=QNT. (52)

The default interpolation operator I is defined as follows. On R?\ Qr UT), that is away from the
discrete crack surface I', the squares in the lattice are carved into two right-angle triangles along
one of the two diagonals (e.g. top left to bottom right) and I is defined as the (P1) piecewise
linear interpolation operator.

We also want [v to be well-defined on Qr and continuous across I'. Away from the crack
tip this is is achieved by extending it so that it aligns with the the values of Iv(z) for z € T
and is constant in the normal direction. At the crack tip, inside @y (defined in (5.2)), we
create two new interpolation points, one precisely at the crack tip z¢ := (0,0) and the other at
#:=(—3%,0) € Ty. We define the interpolation there, Ju(zo), as the average of the four lattice
points inside Q) and further lim, ,z+ Iv(z) = v(Z4), where Z4 = & + (0,£3). By construction,
the resulting P1 interpolant does not need to be continuous across I'g.

FIGURE 2. The default interpolation (left) and the mirror interpolation (right). Three example
bonds b(m, p) are highlighted together with regions R,, , associated with it.

Under this interpolation, to each bond b(m, p) for m € A, p € R(m) we can associate the
following regions. Let Uy, , denote the union of all right-hand triangles for which the bond
b(m, p) is an edge; let @, , denote the union of all rectangular strips inside Qr for which the
bond b(m, p) is an edge; and let @), , denote the union of all triangles inside Q° for which
b(m, p) is an edge; finally leading to Ry, , := Upn,p U Qm,p U Qg%p, which is the union of all
regions associated with the bond b(m, p).

Clearly, if b(m,p) € I', then there are two triangles in Uy, ,, whereas Qm , = Q% mp = =0. If
b(m, p) € I'\ Qo, then there is one triangle in U,, ,, one rectangular strip in @, , and va o= = 0.
Finally, if b(m, p) C Qo, then there is one triangle in U, ,, Qm,, = 0, and there is one triangle
in an,p' See Figure [2| for a visual intuition.

By construction, we thus get the equality

/IRQ\F()V ( ) VIU Z Z ( Rum.p VpU(QZ‘)d_x) DPv(m)a

mEA PER(m)
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whenever the left hand-side is well defined. Note that the % prefactor enters because of the
double counting of bonds.
This is used in [9] to show that the predictor g satisfies

> Diig(m) - Dv(m) = Y ho(m) - Dv(m), (5.3)

meA meA
where hy € £2(A; R?) is given by
(iL()) (m) _ Dp’LALO(m) - me’p vp’fbo(l‘)dl', b(m7 p) ¢ Q07
g D,yiio(m) — Cons pom, b(m, p) C Qo.

where the formulae for the finite Cy, ) m are reported in [9, Section 4.2.1.]. By construction, we
also have that

b(m,p) £ T = |(ho(m)),| S [Vao(m)| S [m| >/ (5.4a)

b(m,p) CT\ Qo = |(ho(m)),| S [VZio(m)| < [m| /2. (5.4b)

The estimate for by when b(m,p) C T'\ Qo turns out to be insufficient for our purposes. The

estimate is sharp though and the way to improve the behaviour is to use the symmetrised
interpolation instead, which we will now introduce.

Building upon the default interpolation operator I, we first introduce its mirrored version

I™" which, away from R? \ Qr, is defined via carving the squares into right-angle triangles

across the other diagonal. Inside Qr we take I™" to be the same as I. Naturally this operator

has all the same properties as I itself. See Figure [2| for a visual comparison between I and ™.
This allows us to define a symmetric interpolation operator IY™ as

Iy = %(IU + I™iry).

Another way of thinking about I*¥™ is to set the function to be the average of all four corners
at the midpoint of each square and then interpolate affine on the 4 resulting triangles.
Returning to (|5.3)), we observe that using I*¥™ we obtain the improved estimate

> Dig(m) - Dv(m) = Y _ hg"™(m) - Dv(m), (5.5)

meA meA
where

7 sym 1 7 7 mir
(h5™m))p = 5 (Gho(m)), + ("), )
for which we can prove the following.
Lemma 5.7. The function ﬁf)ym defined in (5.5)) satisfies
B m)] S |m|~3. (5.6)

Proof. For b(m, p) ¢ T the result follows directly from (5.4). So suppose b(m,p) C T'\ Qp. By

definition, we have
7 sym 1 7 7 mir
(B3 () = 5 ((ho(m), + (RE(m), )
1 1
= D,ig(m) — / Vg dx — — Vi dx — / Vo dx

2 Ump 2 U}}{ipr Qmp

Taylor expanding the three integrals around their midpoints and using |V3a| < |m]73, we find

~svm R 1 1 R 1 . 1 R 5
(hoy (m))p = Vpiio(m + 5/)) - vauo(xUmp) - vauo(xU,rg};) - §vp“0(3762mp) +O(Im|™2),

where x4 = ‘—i" i) 4 dz. The terms involving V24 vanished due to these being the midpoints.
Using the same idea again, we can Taylor expand each term in the weighted sum

1_ 1_ . 1o .
ivpuo(xUmp) + vauo(f’«"Ugy) + vauo(mep)
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around the weighted midpoint

1 1
.’L'mp = ZxUmp + ZvarrrLI/lJr + §mep'

Again, the terms involving V24 cancel and we get
~ . 1 . 5
(hg™ (m))p = Vpito(m + 5p) = Vyilo(xmp) + O(Jm|”2).

Despite the symmetrisation, these two points are still different. Direct calculations give

LQp, =M+ P71 sgn(ma)es,
L + + L + L (m2)
- mir - — - - n
2.’,12‘Ump szmp m 2p 3 sgni{msa)eg,

and thus

= +1 +1 (m2)
Tmp =M 2p 24sgnm2 €.

In particular, we have
(@mp)1 = (m + %p)1 :
With )y = %(m + %p + Timp) =m+ %p + é sgn(ma)es, it follows that

(3™ (m)), = —i sgn(ma2)02Vi(Ymp) + O(|m|™3).

But now the boundary condition datig = 0 on I'g implies that d201Uo((Ymp)1, 0%) = 0. We thus
also find )

|a2vpﬂ(ymp)| = |32Vpﬂ(ymp) - 62vpa0((ymp)1a0i)’ S Imf7z.
Here, 0F denotes the continuous extension on I'y of 7 on the side corresponding to sgn(ms). O

6. PROOFS: THE LATTICE GREEN FUNCTION
6.1. Setup and prerequisites.

Definition 6.1. A function Gpop : A — R is said to be a homogeneous lattice Green’s function
if

—Diviemphomg, - (m —¢) = §(m, {),
where 6(m, 1) is the Kronecker delta and D"™u(m) := (D,u(m)),er (i.e. with no interaction

bonds removed) and the same for DivPo™,

Theorem 6.2 (|I3], Section 6.2]). There exists a homogeneous lattice Green’s function Gpom : A — R
in the sense of Definition[6.1] and it satisfies a decay estimate

|D? Ghom(m — 0)] < (14 |m — £P)~L.

To obtain zero-order results for the lattice Green’s function in the anti-plane crack geometry,
in [9] a discrete complex square root manifold is introduced to obtain decay results for atoms
close to the crack surface. The full account is presented in |9, Lemma 4.8, Case 2| (see also [§]
for a more in-depth discussion of this geometric framework with application to near crack-tip
plasticity). In what follows, to simplify presentation, we use a more minimal presentation, for
which the following definition is needed.

Definition 6.3 (Reflected lattice point and function). Given a lattice point m = (my,ma) € A,
we define its reflected counterpart as myer := (mi1, —m2) € A. Likewise, given a lattice function
u: A — R, its reflected counterpart uyf : A — R is defined as, for m = (mq, mg) € A

et (1) 1= w(myer) if my < 0,mg >0
ref T u(m) otherwise.

Finally, we also note that the symmetric interpolation introduced in Section allows us to
retrace the proof Lemma and arrive at the following useful result.
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Lemma 6.4. The predictor Go from (2 satisﬁes

ZD Go(m, s) - Dv(m ZQO (m),

meA meA
where |go(m)| S [V3Go(m, ).

6.2. Improved estimates for Go. In order to prove Theorem we first need to establish
auxiliary results about Gy, partially improving upon the results established in [9]. Let us start
with a suboptimal estimate for D1 D1 DaGo in an annulus B /5(0) \ Bsjs|/8(0)-

Lemma 6.5. B

|D1D1DaGo (¢, 5)| S 5|70 (6.1)
for any € € Bs/5(0) \ Bsys/5(0).
Proof. Let £ € Bss/3(0) \ Bsjs8(0) and choose the cutoff as in Definition with ¢ = %. In
particular, n(m) # 0 implies % < |m| < %. Assume without loss of generality that ¢o < 0.
In particular the reflected function (Gg)ef, defined in Definition with reflection only in the
first variable, satisfies - -

DlDQ(Go)ref(f, S) = DngGo(f, S).

Further, set o € R(m). We then have

Dlo-DlDQGo(f, S) = Dla(DlDQ(GO)ref(gﬂ 5)77(0)
= Y —DivDGhom(m — £)D14(D1Da(Go)ret (m, $)1(mn))

meA

= Z Z DpD,UGhom(m — E)Dlp(DlDZ(GO)ref(mv S)U(m))
meA peR

= Z Z D D Ghom(m 5))D1pD1D2(GO)ref(m 5)
meA peR

- Z Z DlDQ(GO)ref(ma S)Dpn(m)DpD*UGhom(m - l)
meA peR

=Y "> D_;Grom(m — 1)Dyn(m) D1,(D1Da(Go)ret(m, )
meAN peR
=: 51+ Sz + Sz,
where we have used Lemma [5.2] in the last equality.

To estimate S1, we introduce short-hand notation v(m) := n(m)D_;Gpom(m — 1) and observe
that by using the discrete manifold construction described in [9, Section 4.3.3.],

Gref = (GO)ref + (GO)ref

satisfies a manifold equivalent of the discrete PDE given in (2.9). With the support of v bounded
away both from the origin and from the new artificial cut at m; = 0, mo > 0. We can thus
rewrite S; as follows.

S = Z Z DlpD1D2(GO)ref(ma S)Dpv(m)

meA peR(m)
= — Z z DlleDQ(GO)ref(m, s)D,v(m) + DDuv(s) =
meN peR(m)
= Z 911(m p)D Z h11 m, p)Dyv(m),
b(m,p)ZT b(m,p)Cl

where, for m € supp 7, we have |g} (m, p)| < |s|~° and \hll(m p)| < |s|~* are the terms obtained
from introduced a single interpolation (see Section . The decay of |Dv(m)| is thus enough
to conclude that

[S11 S Is] 7%
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Note by using symmetric interpolation as described in Section [5.3] we can in fact improve

this estimate to
1511 < [s| " log]s],

but this will not improve the overall result, as we are restricted by So and S5 anyway.

For S5 we can directly estimate all terms pointwise for m € supp D7, allowing us to conclude

that

[S2| S Y [Dn(m)|| D*Grom (m — £)[| D1 D2(Go)rer (m, )| S |s| 7>/,

meA
For S3, we sum D, by parts to obtain

= > > D_4Grom(m — 1)Dyn(m)D1y(D1Dy(Go)ret (m, 5)

meN peR

=— Z —Div(D_sGhom(m — 1) Dn(m)) D1 Da(Go)ref (M, 5)
meA

=— Y —DivDn(m)D_;Grom(m — 1) D1 Da(Go)ret (m, 5)
meA

=Y D_,D_;Ghom(m — 1)Dyn(m — p) D1 Da(Go)ret (m, 5).

meAN peR
It thus follows from another direct pointwise estimate that
1S3] S > 1D?(m)|| DGrom (m — €)||D1Da(Go)res (m, s)|
meA

+ Z ’Dn(m)HDQGhom(m — O)||D1D2(Go)ret (m, )|
meA
5 ‘3‘73+6/2

O

Using Lemma we will now obtain an improved estimates on D;DyGo in an annulus

B%(O)\B%(O)

Lemma 6.6. It holds that

|D1D2Go(f5)| S || 724
for [s|/4 < [e] < |sl/2.
Proof. Set v(m) := DG (m,1). We have

D1D2G0 f 8 Z Z DlpD2G0 m 8) pv( )

meA peR(m)
= Z Z -D D2G0 (m, s)Dyv(m)+ Du(s) .
meA peR(m)
~——
=T1 =T5

(6.3)

To elucidate the idea of proving this result by employing an appropriate cut-off function, followed
by summation / integration by parts, we begin by recalling Definition and introducing a

continuum cut-off function n : R? — R given by

[z — 8|>
n(x) =1 ( :
|s]/4
for which it holds that

3|s
SuppDn = Buya(s)\ Buys(s). (@) £0 = 2 < jaf <

Slsl
=
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This allows us to rewrite T5 as follows. We have, due to the PDE that Go satisfies,

Du(s) = 2 /R » (V(D:Goe,sn(a)) - Vv(a)) da

=T5 1

+2 /Rm (V(DsGolr,8)(1 (@) - VIv(a)) da.

=159
where we use the symmetric interpolation operator I*¥™ introduced in Section but abuse

the notation by identifying I = I™ for brevity.
Let us focus on T ;. By adding and subtracting the same term, we obtain

Toy = 242 / 95 (D2Go(x, s)n(x)) (iIv(z)) dz

_ _Z / B:(DsCoo(, 5)n()) (81-]0 <5 + ;e>> dx

+2 Z / 9;(D2Go(z, s)n(x)) (8JU(:U) — 0ilv (s + ;ei>> dx
=T511+T21,.

Note that s+ %ei is the midpoint of a lattice bond. We then apply integration by parts to 7511
and observe that

To11 =2 Z OiIv (s + ;ei> (/]RQ\FO 0;(D2Go(x, 3)77(3?>)d33>

i=1,2

1 .
+2011v <s + 261> DyGo(z, s)n(x)dx.
1)

Recalling the discussion in Section about the different regions associated with the inter-
polation operators, we note that by construction and since the support of n is bounded away
from (g, we have

Tr11 = Z Dpv(s)/ DyGo(z, s)n(z)dz

b(m,p)CT’ @m,pNl'o
and similarly
Th12 = Z Z (Dyv(m) — Dyv(s)) < V,,(Dg@o(x,s)n(x))dx>
meA peR(m) Rm,p

The same reasoning applies to rewriting the other term in (6.3), namely
T ==Y Y ~D,(DsGolm. yn(m)Dyv(m)

+3° > —Dy(DaGo(m, s)(1 — n(m))) Dyv(m)
meA peR(m)
=Ty +T19.
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Focusing for now on 77 1, we note that

Ti1 = Z Z D2G0 (m, s)n(m))D,yv(s)

meA peR(m)
=T11,1
+ Y Y —Dy(D2Go(m, s)n(m)) (Dyo(m) = Dyo(s))
meA peR(m)
:17‘{,1,2

and further that it follows from summation by parts that

Ti11= Z —D,u(s)DyGo(m, s)n(m).
b(m,p)CT’

Recalling from ((6.3)) that
DlDQGO(ﬁ, 8) =T + T,

we sum together 77 11 and 7511 to obtain

Tii1+T211 = Z —D,v(s) (Dzéo(m,é’)n(m) —/

DyGo(x, s)n(x)dx) .
b(m,p)CF Qm,pmro

Since |Qm,p, NTo| =1, a first order quadrature estimate ensures that

[Dv(s)] (ID1D2Go(m, )| + | DaGo(m, )| Dy(m)
b(m,p)CT’
< Isllsf=2 (1572 4 Isl7*7) = [s]

Similarly we can sum together 7712 and 751 2 to obtain

Tii2+To12 = Z Z (( i Vp(Dzéo($a5)U($))d$> (6.4)

meN peR(m)

—mwﬁmwmmowmm—mm»

The mid-point quadrature estimate, together with the symmetrisation trick, as established in

Lemma implies that

i1+ Toa2l S ) VP (DaGo(m, s)n(m))||Dyv(m) — Dyo(s)|

meA
S m — s||V*(D2Go(m, s)n(m))] | D D2G(m, 1)
~ m S 2L, s)N{ sup 1472 m,
. mesuppn
mesuppn

Slsi™ Y Im = sl[VPDaGo(m, s)[ +[s| 72 Y fm—slls| 7.

mesuppn mesuppn

Sls| =3
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And we observe that
|72 > |m = s||V2DaGo(m, s)| S

meEsuppn
SIsI72H D m = sl (14 [wmPlws] oo P) 7 4 (14 |wm P lws] e )7)
mesuppn
SIs7 YT Im=s|(s7m = s P lwhs P+ 57 m — s wklY)

meEsuppn,m#£s

SIS Is? D dm—s T Y fm— s

mesuppn, mesuppm,
m#s m#s
S s 0(Is| sl + 1)

5 ‘8‘73+6

Finally, we turn our attention to terms 7472 and 752. Replicating the argument that allows
to arrive at ([6.4), we observe that

Tio+To0 = Z Z ( ( - vp(DQGO(an)(l - n(x)))d:v)

meA peR(m)
— Dy(DaGo(m, s)(1 — n(m)))> Dyv(m)

and hence
T2+ Tool S [V3(D2Go(m, s)(1 = n(m)))|| D1D2G(m, 1)

meA
S [VEDaGo(m, 8)[|(1 = n(m))||DyDaG(m, 1)] +|s| =4+,
meA —.S(m)

where we have used the fact that if at least one gradient falls onto (1 —n(m)), every term scales
fully with |s|, so we can take them out and add volume term to arrive at, for j = 1,2,3,

> IV DaGo(m, 5)| VI (1 = n(m)) ||| D1D2G(m, 1)] S [s| =5 [suppDy| < |s| =47,

meA
To estimate the remaining term, we first note that

o — 12—\ —346
Yo SmS Y (U wml wsllwms ) T+ Jwmllwel [P0 T S 1817
mEB‘S‘/g(O) mGB‘S‘/g(O)
and
[l
Y. Sm)<ls™ (1+/ 7“_1+5d7“> < s
meB)y/16(€) ©

Outside of these two regions and with the region near |s| excluded via 1 — 7, the remaining sum
can be estimated as

Z S(m) SJ |8|_1/ T(_10+5)/2d7“ < ‘S‘_4+5,
meA\B|4)/8(0)UB|¢) /16 (£) ls|

which allows to conclude that
T10 + Tool S 15|77,
thus ensuring that
|D1D2Go(l,5)| < Is| 73,

which is what we set out to prove. O
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We need one more small Lemma before we actually go and improve beyond Gy.

Lemma 6.7. For all {,s € A, the full lattice Green’s function G = Gy + Gy, defined in (2.12)),
satisfies
ID1G(4,8)] S (1+ |w(O)][w(f) — w(s)["0) 7"

Proof. First note that this holds true (even with § = 0) for Gy instead of G according to [9),
Lemma 4.4].

Furthermore, if [¢| > % we can apply [9, Lemma 4.8] to get the same for G and thus conclude
[D1G(€,5)] S (1 + Jwellwz, )~

there.

We are left with the case 2|¢| < |s|. Consider v(s) = D1G(¢, s) as a function in s. Then we
know that |Dv(s)| < (1 + |w(£)]|w(s)|(Jw(€) — w(s)])>7?)~! according to [9, Theorem 2.6]. That
means |Du(s)| < [€]71/2|s|73/219/2 for |s| > 2]¢|.

We can now apply Lemma to see that v has a limit vy = voo(¢) at infinity with

[0(s) = vec| S 161712 /22,
Note that this estimate was just based on a telescope sum to infinity and thus the constants do
not depend on ¢. Also note that for |s| > 2|¢| we can estimate

[ 7121|7122 < S (14w ()] (8) — w(s)' )7
Hence we showed that there is a voo(¢) such that
IDIG(E,8) = v ()] S (14 [w(O)|w(t) —w(s)[') "

However, v is just the limit limy o D1G(¢,s). Clearly this is 0 for Go, but we also have
D1Gy(+,s) € £2 by definition in [9], hence v = 0 overall. O

6.3. Proof of Proposition
Proof. Using the ansatz (2.14]), we see that G”l” has to satisfy the discrete PDE
—DivDGT(m) = Divws(m).

Remarkably, this is the same pointwise discrete PDE as for @, when the pair-potential is qua-
dratic, that is ¢quaa(r) = %73. Thus the existence of GT follows directly from Theorem as
well as the estimate

DGT(0) £ 107924,
In particular, the quadratic nature of ¢quaq ensures that, unlike for a general nonconvex ¢ as in

[9], G does not need a small pre-factor in front.
As 3/2—§ > 1, we can then use Lemmal5.6]to also get the estimate

GT(0)] < Je]71 /%,
after shifting G7* by a constant. U

6.4. Estimates for G;. Recall that we work with a decomposition of the full lattice Green’s
function G given by

G = éo + Go
= Go+G1+ Gy,
and our aim is to estimate |D1D2G1] in the vicinity of the crack tip. To this end, we want to
leverage the technical results of on the improved decay of Gy from Section and the properties
of the discrete geometry predictor GG1 from Proposition

It will turn out that the following auxiliary result, which extends [9, Lemma 4.10] for the case
when m € I',; will prove useful.
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Lemma 6.8. It holds that when m € T then
|DivDwsa(m)| S \V4w2(m)|

and, if s #m,
|Divi D1 DyGo(m, s)| < |V VGo(m,s)).
Proof. Let f denote either f = wy or f = DQG’O(-, s), which in particular implies that, for each

m € A, m # s, we have Af(m) = 0, and further Vf-v =0 on IT'.
As established in [9, Lemma 4.10], if m € £TI', then

DivDf(m) =2 Y D,f(m) =42V f(m) ez +2Af(m) — V*f(m)[ea]” £ %V?’f(m) [e2]?
PER(M)

+O(IVHf(m)))

We now define mg := m F %62 € I'g, and Taylor-expand f around mg, namely
1 1
f(m) = f(mo) +V f(mo) - (m —mg) + §V2f(m)[m —mol® + 6V3f(m0)[m —mo]* + O(|V* f(m)|)
1 1 1 1 1 1 1
+O(IV* f(m)])
Combining the two Taylor expansions and the PDE that f satisfies, we arrive at

~DNDS(m) = 508t (m+ Sea) + OUTfm),

The results thus follows from the readily verifiable fact that, in both cases, O3y f(mg) = 0 for
all mg € T'y. U

We begin by considering the residual, given by —Div; D D2G1, where Divy denotes the diver-
gence operator being applied with respect to the first variable. However, it turns out that the
correction (g1 is only very good for small m. Because of that we introduce a cut off variant

Grm.s) 1= Gatm. s)um. ). ) = (). (65)

where 7 is the scalar cut-off function from Definition , which in particular implies that CA}LH

coinicides with G when |m/| < %\sﬁ and is identically zero for |m| > |s|'/2. Note that, in
principle, instead of |s|'/2, one could choose a different cut-off radius, e.g. |s|* and optimize
over «. It turns out that o = % is optimal, see Remark below for a sketch of the argument.

With this choice we have the following residual estimate.

lsl

5 we have

Lemma 6.9. For |m| <

|12 752 - for [m]| < |s|'/2,

Divy D D>G < :
| NP zGl,u(m,5)| ~ { |m|_7/2|8|_3/2, f01" |m| > |S|1/2.

Proof. The starting point of the proof is the identity
Dilengélyu(m, S) == —DiVlDngéo(m, S) - DiVlDngél’u(m, S). (66)

We recall from (2.13) that, with F(z) = —Clog|z| and C' = &, we have

A~

Go(m,s) = F(w(s) —w(m)) + F(w*(s) —w(m)).
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Taylor expansions of F' around w(s) and w*(s) result in
Go(m, s) = —(VF(w(s)) + VF(w*(s))w(m) (6.7a)
+ %(VQF(W(S)) + V2F (w*(s))[w(m)]? (6.7b)

1
- ;/ (1 —t)(V3F(w(s) — tw(m)) + VEF(w*(s) — tw(m)))[w(m)]® dt (6.7¢)
0

Let’s take the discrete difference and look at the different terms:
—Divy D1 DyGo(m, s) = Ty + Ty + Ts.

First note that T} = Dilengél(m, s). However, we have to consider p. Let us get back to
that and consider the other two terms first.

For Ty we see that
VQF( )[ ]2 C ‘UP 2($ 'U)z
)] = — — = .
|| |z|*

Hence,

T5 = CDiviD1Ds (ms" . (w(m?s‘;d(S))Q B (w*(s)‘s‘c;)(m))2)

Recalling that
w(m) = [m['/?(cos(01n/2), sin(0/2)), w(s) = |s|"/?(cos(65/2),51n(8;/2)), w*(s) = (—wi(s),wa(s)),

and using the dot product formula z - v = |z||v| cos 7y, where v is the angle between = and v, we
have

(w(m) - w(s))? = |m]|s|(cos(B/2) cos(Bs/2) + sin(b,,/2) sin(6,/2))?
(w(m) - w*(s))? = |m||s|(— cos(Bm/2) cos(fs/2) + sin(b,,/2) sin(hs/2))%.

Expanding the squares and using standard trigonometric identities, we arrive at

T = cDiV1D1D2"T’| (1 — 2¢082(01,/2) cos?(0s/2) — 2sin%(6,,/2) sin® (6, /2))
= —CDivi D1 Dy (m cos(Om) cos(@s))
||
— _CDiv, DD,
|s]2

=0,

since —DiviDim1 = 0. Note that this remains true even if m € I.
That leaves T5. With

Ds(V3F(w(s) — tw(m)) + VEF(w*(s) — tw(m))),

1
- / VAP (w(s + ) — tew(m))[Veo(s + 70)p] + VEF(@* (5 + 7p) — tw(m))[Vw* (s + 7p)p] dr
= A(m, s,t),, (6.8)

we have to estimate

T = % /O "1 1)°Div, D, (Alm. 5.0 lw(m)) di.

For this, we first estimate by itself and with discrete differences in m as
[A(m, s,0)| < [s|7*2[s[ 712 = |s| /2,
[D1A(m, 5,0)| S || 722 [s| 2 m| 72 = |s| 3 |m| 712,

[DYA(m, s, )] < || 7%[s|7/m| =22 = [s| 77/ |m]| ",
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Using a product rule for discrete difference, which holds true if one includes extra shifts, we thus
find

Ty S sup [Divi Dy (A(m, s, ) w(m)?
t
< |m| ™% sup|A| + [m|*? sup| Dy A| + |m|*/? sup| D} A
t t t
< 8|52 jm| Y2 + || 73 + |s|77/2|m| /2

S Is[ 722 |m| 12,

Note that this argument also works when m € I', because in , on the left-hand side we have
éo, which satisfies Vmoéo(mo, s) - ea = 0 when mg € 'y and the same is true for the first two
terms on the right-hand side and so the same must be true for the third term. As a result, as in
Lemma we also always have two derivatives to distribute even when m € I,

Returning to the cut-off function u(m,s) = ﬁ(‘s‘%), we consider three cases.

When |m| < %]3\1/ 2, then p = 1 and in this case T} cancels exactly with the G contribution
and thus, from we obtain

|DiviD1 DG y(m, s)| S lm|~/2]s| 7,

when |m| < %|s|1/2.

1/2

The second case is when |m| > |s|*/#, implying that © = 0 and thus G’l,u = 0. In this case

becomes
DiVlDlDQGL#(m, S) = —DiVlDngéo(m, 8).

It follows from [9, Lemma 4.10] and Lemma [6.8| that, for any m € A,
IDivy Dy DyGo(m, s)| S |V, VsGo(m, s)| < |s|7/2[m|~7/2.

\s|1/2

That leaves the transition area “.— < |m| < |s|'/2, in which we have to additionally consider

—Divy Dy Do (uGGS). We use that, for i = 0, 1,
ID'Gi ()| S 1s|727, IDUGT (m)| S [m| AT, (6.9)

where the first inequality follows from a direct estimate of the explictly defined C;"{ and the
second from Proposition [2.8f We will also use that, due to Lemma

IDivDGT (m)| = |DivDwa(m)| < |m|~7/2, (6.10)
and finally that, within this transition area, the cut-off function p satisfies, for i =0, 1, 2,
[Din(m,s)| S 1|72, |DiDap(m,s)| < |s| 727, (6.11)
To expand out —Divy Dy Doy [uGT'GE](m, s) in full, we first recall that
Dluv](m) = {(Du(m)),v(m + p) + u(m)(Dv(m)),} e

and that the discrete divergence operator from (2.10) is given by

—Divg(m) = Z gp(m — p) — gp(m).
PER
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By adding and subtracting the same quantity, we observe that
—DivD[uwv](m) =

=Y _(Du(m = p)),v(m) +u(m — p)(Dv(m — p)), — (Du(m)),v(m + p) — u(m)(Dv(m)),

=Y _((Du(m — p)), = (Du(m))p)v(m) + (Du(m)),v(m) — (Du(m))yv(m + p)
p

Fulm — p)(Du(m — p)) — u(m)(Do(m — ), — u(m)(Do(m)), — (Do(m — p)),)
= —(DivDu(m))v(m) + u(m)(—DivDv(m))

+ Y (Du(m))p(Dv(m)), + (Du(m — p))o(Do(m — p)),).

For notational clarity we now introduce o € R(s) and instead of Dy consider Dy,. This allows
us to rewrite the original expression as

—Divy D1 Doy [uGTGE](m, s) =
= —Divy D1[GT(m) Do p(m, 8)G5 (s + )] — Divi D1[GT(m) u(m, 5) Doy G5 (s)]
= —G5(s + 0)Divy D1 [GTY(m) Do pi(m, 5)] — Doy G5 (s)Divy Dy [GT (m)p(m, s)]
= —G5(s + 0)(DivDGT (m)) Doy pi(m, s) — G5 (s + )G (m)(Divy Dy Dogpu(m, s))

+Gi(s+0) ) (DG (m)),(D1Dzgp(m, s)), + (DGT (m — p))p(D1Dagp(m — p, s)),)
p

— D3, G (5)(DivDGY! (m))u(m, s) — D2 G5 (5)GY' (m) (Divi Dy pa(m, s))

+ D2 G (5) Y ((DGT(m))p(Drp(m, ), + (DGT (m — p)p(Dipa(m = p,5)),)s
P

which, crucially, establishes that when two derivatives fall on G”f‘, we get —DiVDG’f"‘, thus
ensuring that the estimate (6.10) applies. Combining this with estimates and (6.11)), we

thus arrive at

|Divy Dy Da[uG G (m, )| S [s| 72 ml| 777271  |s| 712 || 71205 72 4 || 712 | 720 |5 5/
+ ‘8‘73/2‘m|77/2 + ’3‘73/2’m|71/2+6‘3‘71 + ’8’73/2’m‘73/2+5’8’71/2

< \s|_5/2\m|_1/2+5,
as |m| is comparable to |s|'/2.

O

Remark 6.10. The radius r(s) = |s|'/? in the context of the last proof is optimal in terms of
balancing the inner and the transition area errors. Note that there always is a third term for
|m| > r(s), but we will see that it behaves better and can be discarded.

To see that the exponent 1/2 is optimal let us look at the above error terms but with r(s) =
|s|%, where o € (0,1). Let us however simplify slightly and only focus on the critical part

> Im|7V2Divi Dy DyGy u(m, 5)). (6.12)
Im|<|s|/4

This is indeed somewhat of a simplification — see ([6.13]) for the full sum. However this choice is
enough to understand the choice of v and the full case behaves the same.
We first note that for the cut-off r(s) = |s|* we still have

[m| 1205|7572 for [m| < gs|®

Divy Dy DsG <
’ 1vil/)y 2G1,#(m, S)| ~ { ‘m’—7/2’8’—3/2, for ’m‘ > ’s‘a.
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A lengthy calculation similar to that presented in Lemma [6.9] reveals that in the transition area
31s[* < m| < |s|*, we have
]DilengC_v’LM(m, S)| S ‘S|73/2‘m’77/2 + ‘8‘73/27a‘m|73/2+5 + |S|73/272a’m‘71/2+6‘
Separating the sum in (6.12]) based on p we find
> mlT 2 Divi D1 DyGy y(m, s)| S
Im|<|s|/4
Sl ml !
Im|<5ls|*
+ Z (]s\_3/2]m|_7/2 + |s|—3/2—a|m|—3/2+6 + |S|_3/2_2a|m’_1/2+6>
3lsle<Iml<]s|®
+IsI72 D ml
Im|>]s|

5 |5|—5/2+a + ’5‘—3/2—a+a5 + |S|—3/2—2a S ’S‘—5/2+a + |S|—3/2—a+a6

Now we optimize in «, further simplifying by ignoring 6. We obtain o« = 1/2 and
> ImITAHD,G | S Js|
Im|<|s|/4
Note that this optimization is a balance between the inner term where p = 1 and the transition
area where 0 < p < 1. The outer term always behaves better.

6.4.1. Proof of Theorem [2.9l
Proof of Theorem[2.9. Recalling Deﬁnition take n(m) =1 (‘m‘) with ¢ = % and further let

cls|

|¢] <|s|/16 and set v(m) := DyG(m,¥). Then, for any A(s) depending only on s, we have
DyDyG (6 5) = Dy (n(€)(DsGr (£, 5) = A(s)))
= Z Dy, <n(m)(DSC_}17M(m, s) — A(s))) - Dv(m)

meA

= > Di(DsG1u(m, s) — A(s)) - D(n(m)v(m))

meA

+ Z (Dn(m) : Dm(DsGU(mv s) — A(S))) v(m)

meA

+ Y (Dn(m) - Du(m)) (DyGo(m, s) — A(s))
meA
= Tl + T2 + T37

where the third equality follows from Lemma and we used that Gy, = Gy for |m| > |s|}/2.
This is fine since

suppDn C By,)74(0) \ Bis)/s(0) =: As
and we are interested in the regime where |s| is large enough.

We begin by estimating 75 and T3, which are the boundary terms, since Ay is an annulus

scaling with |s|, ensuring that % > |s]1/2.

We first notice that thus for m € suppDn implies that [m — ¢ > % > |¢| and thus
m e As = [Dnp(m)| S |s|™",  [DpnDsGo(m, s)| < |s| 2.
Starting with T5, we also note that D,,A(s) = 0 and that we have

[o(m)| < €712 |s| 712072
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according to Lemma[6.7] We can thus estimate

ol S D Is| sl 730 012 || /24072
meAs
S ‘€|_1/2|8|2_1_3+6_1/2+5/2

_ M|71/2|8|75/2+35/2'
For T3, given by
T3 =Y (Dn(m)- Dv(m)) (DsGo(m,s) — A(s))
meA

we use a Cauchy-Schwarz inequality to obtain

1/2
T3] < <Z | Dn(m) - Dv(m)l2> IDsGo(-,5) — A(s)lle2(a,)

meA
< (5187218172201 =) Y2 8[| Dy DsGo (-, 8) 2y = 181727010 72| D DG (-, 8)l| 2
where we used the Poincare inequality from Lemma with A(s) = (DsGo(+,8))a,. We sup-

pressed the slight increase in annulus width in the notation here as it does not change the
estimate. And, since

IDmDsGo(-, )|z, S Is|TOT2H22 = |5 72+,
we obtain
|T5] < |s|~%/2+20)¢=1/2,

It thus remains to estimate the near-crack-tip term 77. We begin by using D,, A(s) = 0 and
integrating by parts to obtain

Ty = Y Du(DsGuu(m,s) = A(s)) - D(n(m)v(m))
meA
= Z —Divy, Din DsG1 . (m, 8)) (n(m) DeG(m, £))., (6.13)
meA

which sets the scene for applying Lemma Indeed, to estimate the sum we split the cases
Im| < |s|'"/? and |m| > |s|'/?, denoted by T} = Ty 1 + Ti 2. Also note that m can be close to ,
so care must be taken there as well.

First,

Tial=| Y. DivaDuD.Giulm,s))(n(m)DeG(m, 1)

meA
[m|<]s[/2

S D0 ISR () — w(m)| T

meA
Im|<|s|*/2

If [¢] > 2|s|'/2, then |w(f) — w(m)| ~ [¢|'/? and we find
[ Tua| S 671025 7T S e R s 2
Otherwise we have || < 2|s|'/? but we have to compare m and ¢ in more detail. To do so, let
us disjointedly split
A={meA|4m| < |} U{meA|4wim)—w)| <[f]Y?}US3 =: 5, US,U Ss.

It is readily verifiable that, by construction, for m € Sy U S3, we have |w(f) — w(m)| ~ [£|*/2.
The situation when m € Ss is a bit more delicate as S5 is the pre-image of a ball under w and
does not cross the crack. As

w(f) + w(m) = 2w(l) = (W(€) — w(m)),
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with |w(€)| = [¢]"/? and |w(f) — w(m)| < [£|'/?/4, we find
T2 < ) + wlm)] < 161,

In particular, we obtain
|0 —m]| |6 —m)|
w(t) +wlm)] ~ 7z

While Ss is not a ball itself, it is contained in one, with a radius nicely scaling with ¢:

w(f) —w(m)| =

9
[€ = m| = |w(t) = wim)llw(l) + wim)] < 1.
Finally, for notational convenience we introduce the ball B := B‘ 3 (0).
S
Thus prepared, we estimate 77 1 as follows.

ITial S Y Iml =20 721071 2w (6) — wim)| 710
meB
< Z |m|_1/2+6|s|_5/2|f|_1+6/2

~

meS1NB

+ Z |m|71/2+5|S|f5/2|£’76/2|£_m|71+6
meS2NB

+ Z |m’71+25‘8‘75/2w|71/2

meSsNB

5 |8’_5/2|£’1/2+35/2

+ Z \€|_1/2+6/2|5]_5/2|€—m|_1+5

mGB9
\m—é\ﬁﬁlfl

+ Z ’m‘—1+25‘8‘—5/2w’—1/2
meB
g |S|75/2|€’1/2+35/2 + |S|f5/2|€‘1/2+35/2 + |S|72+6|€‘71/2

< || 7E0 g

The sum outside the squareroot region, 77 2, can be estimated in the same way. We actually
get slightly better estimates here though we make no use of that directly. We start with

T 2| = ‘ Z Divi D1 DGy i (m, ))(n(m)DeG(m, £))
meA
[m|>|s|1/2
SO T s TR 2 w(8) — w(m)| T,
me Ba

where By := B5(0) \ B‘ B (0), which follows from the support of the cut-off function 7.
A S
Again, we can first consider the case where £ is bounded away from the region, 2|¢| < |s|/2.
In that case |w(¢) — w(m)| ~ |m|"/? and we find
Tial S Dm0 w () — w(m)| T
m:|s|!/2<|m|<|s|
,S Z |m\_4+5/2]$]_3/2]€\_1/2
mz|s|1/2<|m|
S ‘8‘75/2+6/4|€‘71/2
S Js[ 02

Otherwise we have 2|¢| > |s|/? and again, need to take more care with comparing m and £.



INCOMPLETENESS OF CONTINUUM FLEX BOUNDARY CONDITIONS FOR ATOMISTIC FRACTURE 27

We again split A = 57 U Sy U S5 and estimate
Tial S D Im|™™2[s|7*21e] 72w (@) — w(m)| 710

meE By
< Z ’m‘—7/2‘8‘—3/2w|—1+5/2
meS1NBg
+ Z |m|_7/2|5|_3/2|€|_5/2|£—m|_1+5
meSaNBa
+ Z |m|—4+6‘8|—3/2w|—1/2
meS3NB2
S |S|79/4|£‘71+5/2+ Z ‘£|77/276/2’8’73/2M_m’71+5+ Z |m‘74+5’8‘73/2’€|71/2
me By meBs
Im—e€]<3|¢|/8 1€]/4<|m|

< |s|_9/4|€\_1+5/2 + |€|_5/2+5/2|s]_3/2 + |£|_5/2+5|s|_3/2
< |S|—9/4|£‘—1+6/2 T ‘£|73/2+5‘8|72 < ]5]72+5]€|71/2.
That concludes all cases for both 771 and 77 2. Overall we have shown
T3] S 172172,

which is what we set out to prove. O

7. PROOFS: ATOMISTIC MODEL

7.1. Higher order predictors. We begin by proving an auxiliary result removing the arbi-
trarily small 6 > 0 from the decay estimate for ug established in [9].

Lemma 7.1. It holds that
|Do(s)| < [s| 7/ log s
Proof. We have
Dio(s) = 3 go(m) - Du(m), (7.1)
meA
where [go(m)| < |m|=3/? and Dv(m) = D1 DsG(m, s). We first estimate this sum for |m| > %
and split G = Go + Go. We know that, for all m, s € A,
| D1D>Go(m, )| S (1 + w(m)]w(s)|lw(m) — w(s)?) "
from which one can infer (c.f. proof of [9, Theorem 2.8|) that
>~ lgo(m) - DiDsGo(m, 5)| S [s| 7/ log s.
Im|> Lol
Turning to Gy, by adjusting the constant prefactors defining regions of interest in [9, Lemma 4.9],
that for |1—56| <|m| < %‘68‘ (crucially including when m is close to s),
| D1D2Go(m, )| S (1+ [w(m)|jw(s)|lw(m) —w(s)*) 7
We can thus conclude that
> lgo(m) - DiDGo(m, s)| < |s| = log s,

17|s| 5|
Z‘m‘ZTﬁ

16

by the same argument as for Go.
Finally, by adjusting the constant prefactors in [9, Lemma 4.12], we can conclude that

|D1D2Go (-, 8) |2 (s)) S 18173/,
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where Qa(s) = {m e A | |m| > 111;'}. This implies that
> go(m) - DiD2Go(m, s) < llgolle2(asy) 1P1D2G0 (-, 8)llezaa(sy) < 15172
—_———

SIE

It thus remains to show the estimate

> go(m)-Dv(m) = > go(m)-D1Da(Go+ Gru)(m,s)+ Y go(m) - D1DaGyu(m,s).

Im|< sl Im|< ! Im|< el

=51 =:52
Using Theorem we can conclude that
Sy < |57 log ).
To estimate S;, we Taylor expand Gy for |m| < |s|/16 to obtain
D1DsGo(m, s) = D1Ds (—(VF(w(s)) + VF(w*(s))w(m))

D1 Dzéf (s)wa(m)

1
+ DDy </0 (1 —t)(V2F(w(s) — t(w(m)) + V2F(w*(s) — tw(m)))[w(m)]th> .

=:a(m,s)

where | Dy Daa(m, s)| = O(]s|~2) uniformly in m. As a result

Z l90(m) - DiDac(m, s)| < |s|7*/2.
m| <t
Similarly,
Y lgo(m) - D1D2Gi(s)(wa(m) + GT'(m)| S [s| 72,
<

thus it remains to show that the introduction of the cut-off © does not affect the overall result.
We find that

Dig(s)] S 152 log |s| + | " go(m)DaDa((1 = plm, 5)GY (m)G5 (5))].
Im|<|s|/16

For the remaining term we expand out the discrete derivatives as in Lemma and observe
that

D17 D2o((1 = p)(m, 5) + GT(m)G5(s)) = (D17 Do (1 — p)(m, 8)) A (s)GT (m + 7)
D2y (1 = p)(m, 5))G5(s)(D; G (m)
Gy

+

+ (D20 G5 ())(D1r (1 = p)(m, 5))

+ (Do Gi(5))(1 = p)(m, s)(D-GT (m
=T+ 1o+ T3+ Ty. (72)

We note that terms T7,75,T3 are only non-zero for %|s|1/2 < |m| < |s|'/? since at least one

derivative falls on the cut-off function p. Using the known decay of all the functions (c.f.

(6.9).(6.10), (6.11))), we can thus estimate
Y loom)|IT+To+ T3] S > T e e R e T et N K

sl 141/2 1/2
ml< 2l Ls/2<|m|<]s|

Finally, since (1 — p) is only non-zero for |m| > %|8|1/ 2 we also have

Z |90(m)||T4| 5 |s|—3/2 Z |m‘—3+5 5 |S|_2+5/2,

mi< kg Lsl/2<]mi< il
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It thus follows that
> go(m)DiD2((1 - u(m, 8))@T(m)éi(8))‘ S ls| 7202,
Im|<|s|/16
We have thus estimated all the terms involved in and we are able to conclude that indeed
|Dig(s)| < [s| 7/ log s,
which is what we set out to prove. O

We next describe the next order predictor, @1, which was given in (2.7). As will soon become
clear, we require that 4, satisfies the following PDE.
—Aty =divH in R?\T,
Vi -v =0, on I, (7.3)

where

L o Ort)’ ] 1 G (i { { 7
H = 6(")(0) <§a;§g§3), div H = 561 (0) ((9r0)20% g + (Di10)* i ).

We prove the following.

Lemma 7.2. The equation [7.3 admits the explicit solution

1 |
i(2) 1= — o) (0)K3r;1/2<1og rosinfy + - sin %) (7.4)

Remark 7.3. We do not claim uniqueness. In fact, we will look at the homogeneous part below
with ﬁg.

Proof. Remember that 4y = Kwa(x), where w is the complex square-root. Or in polar coordi-
nates, tig(r cos 0, 7sin ) = ig(r,0) := Kr'/?sin g. For the derivatives we get

1
Oty = O,0g cos 8 — —0yty sin 0
r
K
= /2 ( sin g cosf — cos g sin 9)

2
K 1. 9

= —57" SIH§

1
62110 = 8#30 sin 0 + *89130 cos
T

K
_ 212
2
K
= —r 2 cos g.
2
Let us use that to express the entire non-linearity in polar coordinates.

First, let use define

(sin g sin @ + cos g cos 9)

sin 6

G, (r,0) = H(rcosf,rsinf) - <COS 9)

Go(r,0) = H(rcosf,rsind) - <—Cglsr109>

Calculating the derivatives we find the (standard) formula for the divergence in polar coordi-
nates

div H(z) = 0,Gir (s, 0,) + %agcg(rm, 0,) + %Grmﬂ, 0,). (7.5)
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In our case,
1,
Gy (r,0) = =61 (0) ((alao)?’ cos ) + (Datig)® sin 9)
= 4—18¢(“’) (O)K3r73/2< — sin® & cos 6 + cos® § sin 6?)
1 .
= 2550 O K% (3sin§ +sin ¥ )
and

1 ..
Ga(r,0) = =6 (0) ( — (Byiio)?sin @ + (Biig)? cos 9)
1 .
= @QS(W)(O)K?’T_?’/Q ( sin? g sin 6 + cos® g cos 0)

1 .
- (iv) 3,—3/2 0 50
= 192¢ (0)K*°r (3(30s 5 +cos 3 )

Now we can insert these expressions into (7.5]) to obtain
1 1

div H(r cos0,rsinf) = 0,G,(r,0) + —0gGy(r,0) + —G.(,0)
T r

1
192

1 1) - : .
= —&qﬁ( )(0)K3r 5/2(s1ng +sin 32).

o) (0) K375/ ((1 —3/2)(3sin g + sin %) 4 (—3/2sin § — 5/2sin %9))

Let us also remember that the Laplace in polar coordinates is given as
X IR 1 .
At = ({')72,1)1 + ;874)1 + 73831]1,

where we now also write (7 cos @, 7sin @) = 01(r,0). Overall, equation (7.3)) becomes

1 1 1 4
—0%0, — ;87431 — ﬁagﬁl = —a¢(w)(0)K37’_5/2(sing +sin32) in (0,00) x (—7,7)
0p01 = 0, for 6= +m, (7.6)

in polar coordinates. Now we can insert our function 07 = cyr~1/2 log r sin g + cor™ /2 sin %. As
(r*1/2 logr) = 7’*3/2(1 —1/2logr)
and
(r~"?logr)” = r~5/%(~2+ 3/4logr),
for the sin% coefficient we need to satisfy

1
¢1(2—3/4logr —1+1/2logr + 1/4logr)r—>/? = —@qﬁ(w)(O)K‘gr*E’m,
which in fact just simplifies to

1 .
_ = (iv) K3
C1 64¢ (O) .

For sin % we get

ea(—3/4+1/2 4 25/4)r5/2 = — L

(iv) 3 —5/2
0 (0) K%y

or 11
- - (7v) KS
e = =g " (0K

O

The next lemma concerns the effect that the introduction of @; hason ) .\ Dui(m)-Dv(m)
for v € H,, as compared to the known equality for g, given by

Z Dig(m) - Dv(m) = Z go(m) - Dv(m),
meA meA

where |go(m)| < |m|~3/2. The following is true instead for ;.
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Lemma 7.4. There is a g1 € £>(A;R?) such that for all v € H, it holds that

> Duy(m) - Dv(m) = Y gi(m) - Dv(m).

meA meA
Furthermore, |g1(m)| < |m|=%/21og |m].

Proof. Recall that v = g + 41 + u1. Consider

> Duy - Dv=— Y Dig(m) - Dvo(m)
A

meA

-2, > (Den(m +é¢“”><0><Dpﬂo<m>>3)Dpv<m>

meA peR(m)

=3 % (GDputm) = Dyum) = G O)Dyita(m))*) Dyl
meA peR(m)
=Ti+To+T;

for any v € H.. In the following we will show that, for any ¢ € {1, 2, 3},

T,= 3 fi(m)- Do(m),

meA

for some f;, as well as the estimates |f;(m)| < |m|75/2, fori = 1,2, and | f3(m)| < |m|~%/%log |m)|.
The assertion holds for 73 thanks to Lemma and a direct Taylor expansion of terms in
the bracket. Similarly, the assertion for 77 holds due to Lemma We now apply a similar
argument to estimate 1.
Let us start by rewriting the PDE that 4, satisfies, given by , in weak form by testing
with Tv, where I is the standard interpolation of lattice functions, as discussed in Section
For compactly supported v we obtain

J::2/ Viy-VIv+ H-Vivdr =0,
R2\T'o

without any boundary term due to the boundary condition for @; and the fact that H ‘ gty =0,
which follows from the boundary condition that g satisfies. We multiplied by Cy = 2 for direct
comparison with the lattice sums where each part of the domain will be used once for each
direction of the bond.

As discussed in Section [5.3], we can rewrite J as

Z Z (/R Vot + H - p)dm) D,v(m).

mEA PER(M

Subtracting J = 0 from 75, we get

P> (u / V(e >dx> Dyo(m)
m)

meA peR(
A 3 1 (iv) N 3
-3 > 0)(Dyio(m))* — | =6 (0)(V,io(x))*dz | Dyv(m)
meA peR(m) Bm.p
=151 + 150,

where we have used the fact that we can write H(z) - p = %QS("”)(O)((?,)@O (7))3. By retracing the
argument in Section we thus arrive at

Tp1 =Y hi(m)- Dv(m),

meA
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where h; € 2(A;R?) is given by

3 | Dyin(m) — [ Vyaa(x)dz, b(m,p) ¢ Qo,
(h1)p(m) = . ™o
D, (m) — Crigpms b(m, p) C Qo.

where the formulae for the finite C, 4, can be readily obtained, similarly to the argument in
[9, Section 4.2.1.]. By construction, we also have that

b(m,p) ¢ T = |(ha(m)),| < |V?a(m)| < Im|~7/?log|m|
b(m,p) CT\ Qo = |(hu(m)),| $V?a1(m)| S [m|~>*log|m|.

Likewise, a Taylor expansion of D,ug(m) and a first order quadrature estimate we get

Tho =Y k(m)- Dv(m),

meA

where |k(m)| < |m|~%/2. This allows us to establish that

=Y fa(m) - Do(m), |fa(m)| S Im|~>*log|m|.

meA

It remains to invoke the symmetrisation trick from Lemma which concerns replacing v
with 1™, to conclude that

=" folm) - Dv(m), |fa(m)| < |m| >/,
meA
The result of the lemma has thus been established.
O

7.2. Proof of Theorem We are now in a position to prove the main decay result for us.
We note that the steps of the argument are similar to the proof of Lemma [7.1] but with two big
differences. First is the improved decay of g; from Lemma [7.4] and the second is that we first
focus on @1, which lead us to defining o as needed to obtain the ultimate result.

Proof of Theorem[2.4) First consider @;. From Lemma and the solution property of the
Green’s function we deduce that

Du1 Z g1 DlDQG(m 8)
meA

Lemma [7.4] also states that

|f5/2

|91] < |m[~>7" log|m].

Asin Lemma we will first estimate this sum for [m| > % and again split G = Go+Gy. In
particular, retracing the steps in Lemma([7.1] but using the improved decay of g; when compared
to go, we immediately can conclude that

> lgi(m) - D1DaGo(m. )| < |sI~>2 log |s|.

[s]
|m|ZE

> lgi(m) - DiDyGo(m, s)| S |s| 77/ log s,

17|s| >{m|> S lsl
16 = 16

and

> gi(m) - D1D2Go(m, 5) S llg1llez(ay(s)) 1IP1D2G0(:, 8)lle2 sy S 18172
—_——

17|s]
|m|> 16

SIEG
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Therefore,

Duy(s)= Y gi(m)-D1DyG(m,s)+ O(]s|~"*log]s|)
Iml<ls|/16

= > gi(m) D1Da(Go + Crp)(m,s) + O(Is|7*?)
Im|<]s|/16

where we used Theorem for the second line, since

> lgi(m)[D1Da(Gry)(m, s) S1sI72H0 Y m| P log m| < |s| 2.
[ml<[s]/16 Iml<[s|/16

A Taylor expansion of G for |m| < |s|/16 reveals that
D1D2Go(m, s) = D1D2 (—(VF(w(s )) + VF(w(s))w(m))
D1D2G (s)wg( )

1
+ D1 Do (/0 (1 —t)(V*F(w(s) — t(w(m)) + V2F(w*(s) — tw(m)))[w(m)]th> .

O(lsI=2)

where the O(|s|72) is uniformly in m.
This implies that, up to the cut-off function y, the only terms not of order O(|s|~2*°) are
given by

Z g1(m) - D1D2G5 (s)(wa(m) + G (m)),
|m|7 16

which motivates setting

fin(s Z g1(m)(DGT(m) + Duwy(m)). (7.8)
Then we can combine the arguments and see what remains. We find

Dis(s) S 5|72+ | S gim)DiDa((1 = plm, $)GT(MIGI(s) | (7.9)
Im|<[s|/16
Using (7.2)) and the known decay of all the functions (c.f. (6.9), (6.10), (6.11))), we can estimate
the remaining term as
Z g (m)|ITh + To + T3] S > [m| =52 log [m|(|s| =m0 4 |s|72/2|m|~%/*+0)
Im|< ] 3ls|t/2<|m|<[s|/2

S [s172H 2 log s

Finally, since (1 — p) is only non-zero for |m| > %|s|1/ 2 we also have

Z lg1(m)||Ty| < |s]73/2 Z im| =" log |m| < ||~/ 2 log|s|.
Im|< sl Lls1/2<|m|<

16

It thus follows that

Y qm)DiD2((1 = plm, )G )G (5))] S [s] 7/ Log] s
Im|<|s|/16

Comparing with (7.9)), we have thus established that
Dz (s)| < |s| 72,

which concludes the proof.
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